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ABSTRACT 

This study involves the development of a design methodology for 
flush end plate connections with a single row of bolts in the tension 
region. This geometric configuration results in a highly indeterminate 
problem. Thus, an analytical study which models the connection as an 
assemblage of finite elements was conducted. A two-dimensional mathe
matical model and three partial three-dimensional models using eight 
noded isoparametric elements for the end plate were analyzed to select 
the best possible finite element model for the study. A correlation 
factor between the two-dimensional model and partial three-dimensional 
model results for end-plate separation was also developed . . 

A sensitivity and feasibility study was conducted with informa
tion from sufficient cases so as to select parameters, within practical 
ranges, from pertinent geometric and force related variables governing 
the connection behavior. Two-dimensional finite element analyses were 
carried out for fifty cases and the results were regressed to provide 
prediction equations for maximum end-plate separation and bolt force . 
The results of the analytical study were compared to experimental labo
ratory tests on similar specimens . Finally, the prediction equations 
were used to develop a design methodology. An analytical equation was 
also obtained to predict maximum tensile force in the web of the beam 
using stress plots along the beam depth obtained from two-dimensional 
finite element analyses results. 

This study was restricted to grade 50 steel and A325 high 
strength bolts. Based on comparison of experimental and analytical re
sults, it was concluded that the prediction equations developed, ade
quately represent the connection behavior for these materials. 
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1.1 General 

ELASTO-PLASTIC FINITE ELEMENT 

MODELING AND ANALYSIS 

OF 

A FLUSH-END-PLATE CONNECTION 

CHAPTER I 

INTRODUCTION 

End-Plate connections of the typical configurations shown in 

Figure 1.1 are increasingly used as ~oment-resistant connections in 

framed structures. The popularity of this connections is due to eco

nomics, ease of fabrication and the assumption that they provide a rig

id moment connection. A typical end-plate connection is composed of a 

steel plate shop welded to the end of the beam section with field at-

tachment to an adjacent member made using rows of tensioned high strength 

bolts. A connection in which the end-plate projects beyond the beam 

flanges, as shown in Figure l.l{c), is called an extended unstiffened end

plate connection. If an additional plate is welded to the part extended 

in the plane of the beam web, as shown in Figure 1.I{d), then the con-

nection is referred to as an extended stiffened end-plate connection. A 

connection in which the end-plate depth is equal to the depth of the beam, 
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as shown in Figures l.l(a) and l.l(b), is called a flush-end-plate con

nection. The above connections may be used to provide a connection be-

tween two beams, called a "splice plate connection", as shown in Figure 

1.2(a), or between a beam and a column, as shown in Figure 1.2(b). 

Considerable research results, of both analytical and experi-

mental nature, are available for extended end-plate connections. In 

most cases, the end-plates were quite thick because the connection was 

designed to deliver the full moment capacity of the beam. Probably be-

cause of its lesser moment capacity, the so called "flush" end-plate 

connection has received much less attention. Douty and McGuire(l)stud-

ied both "extended" and "flush" end-plate connections and concluded that 

the behavior and strength of these two connections differ greatly, and 

that the findings and design methods developed for the former cannot be 

applied to the latter. For this reason, the voluminous literature for 

"extended" end-plate connections has little applicability for design of 

"flush" end-plate connections. 

The objective of this study is to investigate the strength and 

stiffness of "flush" end-plate connections with one row of bolts in the 

tension region, with the aim of developing design procedures for such 

connections. The behavior of such a connection is highly indeterminate 

and complex and depends upon the geometric arrangement of the bolts , 

beam depth , beam web thickness, end-plate thickness, weld sizes and bolt 

and end-plate strengths. 

There are at least three alternative approaches that can be used 

to develop the necessary design criteria: 

-2-
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• 
(a) Two-Bolt Flush End-Plate (b) Four-Bolt Flush End-Plate 

• 

• 

• 
• • 

• 

• (c) Unstiffened Extended End-Plate (d) Stiffened Extended End-Plate 
Figure 1.1 Typical End-Plate Configurations 
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• (a) Beam-to-Beam Connection (Splice Connection) 

• 

• A 

• - -
.~ 

- -• 

A 

• V 

(b) Beam-to-Column Connection 

• Figure 1.2 Typical Uses of Flush End-Plate Connections 

• 
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1. Perform regression analysis using data, such as maximum 

displacement and bolt force, obtained either by experimental measure

ments or from analytical results for many connection geometries. Ana

lytical results may be obtained by conducting finite differences or 

finite element analysis. Tests are time consuming, and expensive and 

data gathered from them are generally limited to surface measurements 

giving more justification for using analytical techniques. 

2. Use yield line analysis of possible mechanisms in a typical 

connection. 

3. Combinations of 1 and 2. 

It was decided to conduct two separate studies: one using fi-

nite element analyses results and the other using yield line analyses. 

This study reports the findings of the former approach . A separate test 

program on prototype connections was conducted to verify the validity of 

the finite-element models used in the study and also to verify the results 

obtained from the equations developed. The yield line study, conducted by 

Srouji(2) , has also been completed and the findings of this study are also 

compared with it. 

1.2 Literature Review 

Douty and McGuire(1), who based their findings on a limited test 

series of five flush end-plate connections attached to W16x36 beams, have 

shown the importance of end-plate thickness on the behavior and strength 

of the connection. They concluded " ..... except where relatively thick 

end-plates are used, flexure of the plate limits the effectiveness of 

the tension bolts removed from the immediate vicinity of the tension 
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flange". Unfortunately. insufficient tests were performed to quantify 

this conclusion. From their study, they have proposed a formula to de

termine the flush end-plate thickness based on the assumption that the 

end-plate cantilevers from the nearest row of tension bolts under the 

action of tension nange forces . They also suggested use of maximum 

stress level in the plate equal to the yield stress of the plate mate

rial when the stress in the beam flange is also at its yield point. 

BOCkley(3) used a yield line pattern for which the beam was 

assumed to apply the entire bolt force to the end-plate. He has sug

gested the flush end-plate thickness for two rows of bolts in the ten-

sion region. 

The German(4) and French(5) specifications present formulas to 

find the moment capacity of the connection for a known flush end-plate 

thickness. The presumption is that. if the tension bolts are not al

lowed to exceed the proof load of the bolt. the formulas can be rear

ranged to determine the thickness of the flush end-plate. In the German 

specification. it is assumed that the flange force is transferred only 

to the bolts adjacent to the tension flange and the bolt proof load is 

twice the allowable limit. The French specification formula was deter

mined on the bases of 171 test results. 

Zoetermeijer(6) carried out a theoretical analysis using yield

line theory for an infinitely long plate bounded by two fixed edges and 

one free edge and loaded with a concentrated force. However. it was 

noted that the analytical model was only an approximation. hence neces

sitating comparison with experimental test results. As a result of 
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this research, a chart was developed by which the ultimate load of a 

stiffened column flange or a flush end-plate can be determined knowing 

the distance from the bolt to the beam flange and web . The study also 

compared the situation of one row of bolts and two rows of bolts below 

the tension flange by varying various geometric parameters, e.g . , gage, 

pitch and end-plate thickness . 

Packer and Morr i s(7) utilized curved yield line mechani sms to 

predict end-plate capacity with testing directed at failure of the col

um flange. Due to limited experimental data, the study did not give any 

conclusive results. Subsequently, Phillips and Packer(8) conducted a 

series of tests to detect the effect of end-plate thickness on moment

rotation and end-plate collapse mechanism. They also investigated con-

nections with two rows of bolts in the tension region to study the in-

fluence of the second row on stiffness of the conection. They concluded 

that flush end-plates with two-rows of two bolts at the tension flange 

are more suitable for semi-rigid constructions, and that the second row 

of bolts is effective but to a much lesser extent than expected. Al so, 

it was seen that for practical end-plate thicknesses, the yi eld capacity 

of such connections is typically less than that of the beam yield capac

ity. This is contrary to the assumption made by Douty and McGuire(l). 

Phillips and Packer(8) also concluded that the French specificati on best 

predicts the connection moment capacity when the bolt proof load can be 

reached before the plate failure occurs. 

Krishnamurthy(9) performed finite element analyses of extended 

and flush end-plate connections. His results clearly documented the 
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importance of end-plate bending, and its effect on the bolt forces in 

multiple rows; in general, he demonstrated the ineffectiveness of all 

but the outermost bolts, thus verifying the conclusions of Douty and 

McGuire(l). Krishnamurthy concluded that additional rows of tension 

bolts beyond two bolt rows decreased both stiffness and strength of 

end-plate connections. This surprising result needs experimental veri-

fication before it can be accepted. 

As stated before, the research on end-plate connections, which 

has been extensive in the past ten years, has focused primarily on the 

extended end-plate connections. Early attempts (prior to 1970) to de-

ve10p a design methodology for such end-plate connections were based on 

tee-stub analogy. All the early research on extended end plate design 

resulted in large end-plate thicknesses and large bolt diameters. The 

reason being that a prying force was conservatively assumed to act at 

the edge of the end-plate. One of these methods, as quoted before, was 

developed by Douty and McGuire(l) and was presented in 7th edition of 

the AISC manual of steel construction(10). Other significant methods 

using the tee-stub analogy were suggested by Kato and McGuire(ll) and 

Nair et al(12). Along with other methods, the aforementioned methods are 

summarized by Fisher and Stuik(13). More recently, methods based on re

fined yield line analyses have been suggested by Zoetermeijer(6), Mann 

and Morris(13) and Kennedy et al(15). 

Krishnamurthy(16) developed the finite-element methodology, 

specifically for the analysis of unstiffened, four bolt extended end

plate connections (see Figure l.l(c)). Based on finite-element analyses 
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of a large number of geometric configurations of the connection along 

with a series of experimental tests, he developed the design methodology 

found in the 8th edition of the AISC manual of steel construction(l7). 

Krishnamurthy's theoretical results clearly showed that even enough pry

ing action is presented, it is too conservative to assume it to be act

ing at the edge of the end-plate since this results in thicker than nec

essary plates. Krishnamurthy(l8) also investigated to a limited extent, 

the behavior of stiffened tee-stubs as it applied to the stiffened ex

tended end-plate connections. The study showed that by providing the 

stiffener a reduction in the end-plate thickness can be aChieved. 

AhUja(l9) investigated the behavior of stiffened extended end

plate connections with two rows of bolts on either side of the tension 

flange of the beam. Such connections can be used for large capacity 

beams where a one bolt row configuration on either side of the beam 

flange would result in either too thick plates or require large size 

bolts than can be practically used for economical, erection and fabri

cation reasons. Ahuja developed a prediction equation for maximum end

plate separation considering linear material behavior and finite ele-

ment analyses results for 32 practical cases. He has also recommended 

to limit the maximum end-plate separation to 0.02 in., which can be used 

to size the thickness of the end-plate. 

Ghassemieh(20) extended Ahuja's study to incorporate nonlinear 

material behavior of the end-plate and the bolts . Prediction equations 

were developed for maximum stress in the end-plate and forces in the 
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bolts. A design methodology is also suggested using these prediction 

equations. In this study the finite element results are compared with 

experimental results for tee-hanger models and full scale tests. Good 

correlation is reported. 

Srouji(2) studied the development of a methodology for the de-

sign of four types of end-plate configurations uSing yield-line-analysis. 

The four types of end-plates considered are: flush with two bolt rows in 

tension region, flush with four bolt rows in tension region, unstiffened 

extended with two bolt rows on either side of tension flange, and stiff-

ened extended with two bolt rows on either side of tension flange. He 

developed prediction equations for the bolt forces including prying ac

tion. Experimental verification of the yield line analysis was conducted 

by Srouji for the two-bolt flush end-plate and the four bolt flush end

plate connections. He recommended the design methods for these connec

tions using both strength and stiffness of the connection. Since stiff

ness data was only available for the two-bolt and the four bolt flush 

end-plate connections, complete design procedures for the extended end-

plates were not recommended in this study. 

It is evident from the aforementioned literature that consider-

able research results, of both analytical and experimental nature, are 

available for extended end-plate connections. These cannot be directly 

applied to f1ush-end-p1ate connections. Although several design proce

dures have been suggested to determine the plate thickness for f1ush-end-

plate connections, using yield line theory and experimental test data, 

but the variations between the various ~ethods is significant. Hence it 

is diffica1t to recommend any particular method for design and additional 
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research is needed. Further, no substantial information is available on 

the moment-rotation (M- e) relationships and tensile force in the beam 

web for flush end-plate configurations. Hence the following research 

program was undertaken. 

1.3 Objectives and Scope of the Research 

The main objective of this study is to develop a design meth

odology that can be used to determine end-plate thickness and bolt size 

considering nonlinear material behavior for the flush end-plate connec

tion. The secondary objective of the study is to develop a prediction 

equation to calculate the maximum tensile force in the beam web. As a 

part of the main objective, the moment-rotation characteristics and the 

force carried by the bolts of a typical connection would be studied. 

The literature review (Section 1.2) suggests that the following 

geometric related variables are potentially important for flush end-plate 

connections: 

1. Thickness of end-plate, 

2. location of bolt relative to beam flange and web, 

3. web thickness, 

4. beam depth, 

5. width of end-plate (= beam flange width), 

6. bolt size, and 

7. end plate weld size. 

In order to focus attention on the major variab les, the study 

was limited to following restrictions: 

1. Only the effects of pure moment are studied. While it can be 
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be expected that end-plate splices may be used in regions in which both 

moment and shear act together, such combinations are not considered in 

the study. 

2. It is postulated that the connection shall be so designed that 

failure will occur by either excessive yielding of the end-plate or bolt 

rupture. Excessive yielding failure is said to occur when the strain in 

the plate becomes equal to twelve times the yield strain of the plate 

material. Rupture of the bolt is said to occur when the strain in the 

bolt shank becomes equal to its ultimate value (=0.00693 in./in. for 

A325 bolts). 

3. The study will be limited to 50 ksi grade steel and A325 bolts. 

4. Small displacement theory is valid . 

Keeping these in view, the study was addressed on six fronts : 

1. Development of a finite element model for the connection which 

gives good results when compared to laboratory tests on similar specimens. 

Investigate the effect of mesh refinemp.nt and effect of failure criterion 

on the connection behavior. 

2. Conduct a parametric study to investigate the pertinent geometry 

and force related variables that effect the behavior of connection. These 

will be grouped in five categories: beam dimensions, plate dimensions, 

bolt sizes and locations, material properties and load level. 

3. Development of prediction equations for maximum deflection of 

end-plate and force in tension bold considering nonlinear material behavior. 

The prediction equation for maximum deflection of end-plate will be used to 

obtain the moment-rotation relationship for the connection. 

4. Comparison of the analytical results obtained from the 
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individual finite element analysis and the prediction equations to 

laboratory test results and yield line results obtained by Srouji(2) . 

5. Formulation of a design methodology for the flush end-plate 

connection under study using the prediction equatjons developed. 

6. Development of an analytical equation to predict maximum tensile 

force in the web of the beam using stress plots along the depth obtained 

from two-dimensional finite element analyses results. 

A computer program formulated by Ghassemieh(20) • was extensively 

modified to conduct the parametric study needed in this research effort . 

The basic finite element modeling technique and the related computer 

programming details are oresented in Chapter II. For the parametric study. 

the variables were limited to practical ranges and finite element analyses 

of fifty cases were conducted. The development of the "best fit" prediction 

equations for maximum end-plate separation and force in the tension bolts 

are presented in Chapter III. In Chapter IV. the comparison of analytical 

and experimental studies are discussed. The development of the design 

methodologies using the prediction equations (for maximum end-plate 

separation and bolt force and the connection moment-rotation curve are 

presented in Chapter V. Finally. Chapter VI concludes the research study 

and also presents recommendations for future work. 
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CHAPTER II 

FINITE ELEMENT ANALYSIS 

2.1 Introduction 

In this chapter. the finite element model used to analyze the be

havior of a typical flush end-plate connection with two bolts in the ten

sion region is explained. The problem is obviously three dimensional (3-

D) in nature. A 3-D finite element analysis is much more complicated than 

a two-dimensional (2-D) analysis. and more demanding in effort of input 

preparation. output evaluation. and above all. in electronic time and ma-

chine requirements. It was therefore decided to conduct a 2-D finite el

ement analysis on a plane stress model taken parallel to the plane of the 

web. Elements of different widths normal to the vertical plane of sym

metry. (flanges. web. etc.) are treated as in-plane components with cor-

responding thiCKnesses. Transverse variations of deformations and stress-

es connot be represented in this model. thus for comparison purposes. it 

was decided to conduct 3-D finite element analyses for certain "bench 

mark" connections considered representative of common fabrication and con-

struction practices. These models were developed using 3-D elements for 

the end-plates (where transverse geometry such as separate bolts at spec-

ified gages can be closely represented in the model and transverse 
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variations of deformations and stresses can be determined in the solu-

tion) and 2-D elements for the beam flange and 2-D elements for the beam 

web. These finite element models are referred to as "partial 3-D" models 

in this study. The development and solution of the 2-D and partial 3-D 

finite element models are discussed in sections 2.2 and 2.3, respectively. 

A finite element computer program incorporating nonlinear material Drop

erties, called NONEPAP (Nonlinear End-Plate Analysis Program), was devel

oped for the study. Description of the failure criteria used to check 

yielding in elements is presented in Section 2.5. The salient features 

of the finite-element program and its flow chart are presented in Section 

2.6. Finally, selection and adequacy of the 2-D and partial 3-D mathe

matical models are discussed in Section 2.7. 

2.2 Two-Dimensional Finite Element Model Development 

The configuration of the 2-D finite element model used in most 

analyses is shown in Figure 2.1. A length of the beam flange equal to the 

depth of the beam is chosen as adequate for inclusion in the analysis do

main. Thus the end-plate connection is idealized as a plane stress model 

parallel to the web, with flanges, web, plate and bolt widths represented 

as elements with different thicknesses. The effect of weldS was not in-

corporated in this model. 

The bolts near the tension flange are simulated by modeling the 

bolt shanks as separate elements, connected to the end-plate element 

nodes at the plate surface, and by constraining the bolt centerline nodes 

against vertical displacement, as shown in the typical mesh configuration 

of Figure 2.1{a). For the 2-D analysiS, the bolt area in a row is assumed 
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to be uniformly spread across part of the width (in a rectangle) as shown 

in Figure 2.1(b). The equivalent bolt area for both the tension or the 

compression regions is calculated by setting the yield strength of one

third of the beam section equal to the strength of two bolts in one row 

(refer to Appendix G for details). Thus. bolt areas are calculated to 

match the strength of the beam accordi ng to the fo1 .1 owi ng express ions: 

(ABFby)/ 3= Ab/ yb 

Abe = (1/3) (AB Fby )/ F yb 

(gb)(db) = (1/3) (AB Fby )/ Fyb 

(2.2.1) 

(2 .2.2) 

(2.2 .3) 

where AB = area of the beam. Abe = equivalent area of one row (zone) of 

bolts. Fyb = yield stress of bolt material. gb = width of equivalent bolt 

rectangular area and db = bolt diameter. Using Equation (2.2.3). the 

width gb of the equivalent bolt area can be obtained and is used as the 

thickness of elements representing the bolts. 

The effect of bolt pretensioning caused by bolt tightening is in

corporated by the application of forces to the bolt shank end nodes and by 

imposition of the resulting displacements of these nodes in subsequent load 

runs. The analysis sequence is explained in detail in Section 2.6 . 

The moment loading on the connection is simulated by the applica

tion of forces at the nodes on the end of the beam stub as shown in Figure 

2.1(c). In this figure. the extreme fibre stress is shown as ~FbY' where 

Fby = yield stress of beam material and ~ is a scalar number. As will be 

discussed later. loads are applied on the beam section in increments of ~ 

varying from 0.1 to 1.0. in increments of 0.1. 

The typical 2-D mesh of Figure 2.1 contains 560 elements. 626 
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nodes and 1252 degrees-of-freedom (d.o.f.) . Th i s mesh requ i res approxi

mately 6 minutes of CPU (Central Processor Unit) time for analysis . Com

parison of results of this model with experimental results is found in 

Section 2.7 . 

2.3 Partial Three-Dimensional Models 

The accurate and ideal selection of any finite element problem 

is obviously a 3-D mesh. However, it is not necessarily the best choice, 

computer costs associated with the required number of d.o . f. in a 3-D mo

del increases rapidly . To satisfy both economy and accuracy, a parti al 3-D 

model was developed to study the one bolt row flush end-plate connection . 

Three partial 3-D models were investigated to obtain the one which best 

predicts results closest to the experimental results obtained by tests 

performed on similar specimens . Since the primary objecti ve of the study 

was to simulate the end-plate behavior as accurately as possible, in all 

three models the end-plate was modeled with 8-noded isoparametric element 

developed by LeVy(21), as shown in Figure 2.2. In this fiQure. the x, y, 

and z coordinates denote the global cartes i an right-handed rectangular 

coordinates system used to describe the geometry and F. , n, ~ coordinates 

are a set of skew parametric coordinates set in the element such that 

their values are either +1 or -1 on the faces . 8esides the eight corner 

nodes, this element also has nine internal d.o.f .• whi ch are highl y ef

fective in eliminating the "shear error" and thus permitting the use of 

fewer elements than conventionally required. The 3-D elements are used 

where most accuracy was needed, i.e., the end plate, bolt heads and bolt 

shanks. Either 2-D subparametri c quadril atera 1 or 2-D eight d. o. f . hybri d 
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plane stress rectangular element developed by Turner. et a1.(22) are used 

elsewhere. except in one model (Mesh-III) where the beam flange is also 

modeled using 3-D elements. In standard fabrication practice the gage of 

the bolt is much larger than pitch (distance of bolt from beam flange). 

Thus oore load is transferred to the bolt directly from the beam flange 

through the beam web. So the weld used at the intersection of the beam 

flange and the end-plate is of relative more importance and was also 

modeled using the 3-~ elements. All other welds are modeled using the 

2-D elements. 

The configurations of the three models investigated are de-

scribed in the subsequent sections. The connection is symmetrical about 

the plane passing through the mid-thickness of the beam web. as shown in 

Figure 2.3(a). Thus only half of the connection needs to be considered 

in the finite element modeling and all nodes which lie on the plane of 

symmetry are to be constrained so as not to move normal to the plane of 

symmetry. 

Pretensioning force is applied as nodal force on the four free 

bolt shank nodes. As explained before. the moment loading on the con

nection is simulated by the application of forces at the nodes on the end 

of the beam stub. as shown in Figure 2.1(c). For the Partial 3-~ model. 

it was seen that not considering loads on the nodes of the web elements 

did not effect the results within the significant digits printed out in 

the computer output. So it was decided to only consider the loads acting 

on the nodes of tension and compression flange. The comparison of ana-

1ytical and experimental results are presented in Section 2.7. 
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2.3.1 Partial 3-D Mesh-I 

The artial 3-D Mesh-I is shown in Figure 2.4. This mesh con

tains 304 elements. 470 nodes and 1222 d.o.f. It requires approxi~ate1v 

35 minutes of CPU time for a typical solution. In this model. the plane 

containing the 2-D elements is to be located so that it passes through 

the mid-thickness of each 2-D element. Therefore. the 2-0 web elements 

are placed in a plane parallel to the actual plane of symmetry but lo

cated at a distance tw/4 from it. in order to use tw/2 as the thickness 

for 2-D web elements. This modeling approximation effects the other 

geometric dimensions which are perpendicular to plane of the web. such 

as width of end plate (bp/2 - tw/4 instead of tw/2) as illustrated in 

Figure 2.5. The same modeling approximation occurs for the 2-D beam 

flange elements. These 2-D elements have a thickness equal to flange 

thickness. t f • which can be achieved by locating the 2-D beam flange 

elements parallel to the beam flange and in a plane at a distance t f/2 

from the top and bottom flange surfaces. This modeling approximation 

effects the geometric dimensions perpendicular to the plane of flange 

elements as follows: 

i) The depth of the connection in the model is (h-t f ) in

stead of h. as shown in Figure 2.5; and 

ii) The pitch of the bolt is (Pf-tf/2) instead pf Pf as 

shown in Figure 2.5. 

Modeling of the bolt shank and the bolt head is shown in Fi

gure 2.5 along with end-plate detail. As shown in this figure. the 

bolt head node 'a' is connected to the end-plate node 'a' and bolt shank 

-22-



• 

• 101 

• 

• 

• 

• 

• 
Figure 2.4 Configuration for Partial 3-D Mesh-I 

• 
-23-

• 



• 

• 01 

7 enS'lon a 

.~ • ~~ 
Bolt Shank a 

Bolt Hec:c 

• 
01 

• 

• 
Inner Plate Face Outer Plute FLcr. 

• 

• Figure 2.5 0etail of End-Plate in Partial 3-0 Mesh-I 

• 
-24-

• 



• <l? ..... 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

node 'b' is connected to the end-plate node 'b'. The influence of the 

bolt shank was carefully considered in the model. The nodes of the 

shank at the back of the end-plate are distinct from those of the end

plate even though they have the same coordinates. as shown in Figure 2.5. 

Thus, the nodes of the bolt shank are free to move in the x-direction 

(axial) at the bolt pretension level. To model the necking action of the 

shank, one of the four nodes of the shank can move in the y- and z- di-

rection as well. The node diagonally opposite to this node is con

strained to move in both the y- and z- directions while one of the ad-

jacent nodes can move only in the y- direction. The fourth node is con

strained to move only in the z-direction. 

To simplify data preparation, a mesh processor was written to 

generate nodes information. boundary conditions. pretension loads on 

bolts (tension bolt and compression bolt) and applied loads at the end 

of beam stub (as either triangular stress distribution or as flange 

forces). Comparison of the results from this model with experimental 

results is presented in Section 2.7. 

2. 3.2 Partial 3-D Mesh-II 

From the results of the partial 3-0 Mesh-I analyses, it was con

cluded that it is a very flexible model. Therefore, it was decided to 

develop a finer finite element mathematical model (mesh) called Mesh-II. 

as shown in Figure 2.6. In this mesh more elements were used in the end

plate, especially on the tension side. This mesh contains 530 elements, 

818 nodes and 2142 d.o.f. It requires approximately 60 minutes of CPU 

time for a typical solution. The modeling of end-plate. bolt shanks. 
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welds, web and beam fiange is the same as for Mesh-I. Comparison of 

the results of this model with experimental results is presented in 

Section 2.7. 

2. 3.3 Partial 3-D Mesh-III 

Upon careful examination of the previous partial 3-D models, 

it was concluded that because of a modeling approximation an important 

part of end-plate is not being considered in these partial 3-D models. 

Since the 2-D fiange elements are located in a plane parallel to the 

beam flanges, but at a distance of t f /2, and the 2-D web elements are 

placed at tw/4. Therefore, using 2-D flange elements will lead to a 

loss of end-plate material in the direction of the beam depth. In the 

partial 3-D Mesh-III model, 3-D elements are used to model the beam 

flanges, end-plate, bolt shanks and bolt heads, shown in Figure 2.7. 

Therefore, the only 2-D elements used in this mesh are the beam web el

ements. This mesh contains 546 elements, 998 nodes and 2810 d.p.f. It 

requires approximately 150 minutes of CPU time for a typical solution. 

Comparison of the results of this model with experimental results is 

presented in Section 2.7. 

2.4 Inelastic Material Properties 

2.4.1 Maximum Distortion Energy Theory 

Several theories of failure for yielding are discussed in me

chanics of materials texts, but the one most used for steel is the max

imum distortion energy theory developed by R. Von Mises(23) . In this 

research study, the effective stress-strain relationship of steel plates 

such as the end-plate, beam flanges and beam web are taken to be elastic-
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perfectly-plastic as illustrated in Figure 2.8(a) . The effective stress

strain behavior of the steel bolt material i s represented by a bi l i near 

stress-strain curve as shown in Figure 2.8(b) . 

Based on this Maximum Distortion Energy Theory, a material is 

yielded when the following relationship is true : 
2 2 2 2 

(01-02) + (02 -03) + (03 -01) > 20 
2 2 y 2 1/ 2 

0eff=l/i2( ( 01 - 02) + ( 02 - 03) + (oral) } >0 
Y 

the principal stresses (01 )02>03 ) and 0y where a i' 02, and 03 are 

(2.4 . 1) 

(2.4.2) 

is the 

yield stress of material obtained from a uniaxi al t ensi l e test . When 

0eff > 0y' then the element is said to have yielded. To consider the 

nonlinear behavior, it is convenient to convert stresses to strains, 

since for the plate material, the stresses remains cons tant upon yield-

ing. The principal stresses are transferred to principal strains by the 

following relationships: 

01 = \l ( (I- v ) £ I + V£2 + V£ 3} (2. 4. 3a) 

02 = \l \V£1 +( I- v ) £2 + vEl } (2.4. 3b) 

03 = JA v£ I + v£2 + (I- v ) El} (2. 4. 3c) 

where v is the Passions' s ratio and \l is calculated us i ng the following 

relationship. 

\l~ E/ ((1+ v )(1-2 v) (2.4 .4) 

and £1' £2 and £3 are the principal strains (£ 1>£ 2>£ 3) . Substituti ng 

Equation (2.4.3a to b) i nt o Equati on (2 .4.2) . gi ves 

(2 .4.5) 

or 

(2 .4 .6) 
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where Ey is the yield strain of the material from a uniaxial tensile 

test. Taking v = 0.5 for the plastic region, Equation (2.4.6) reduces to 

~ 2 ( 2 2 Is (2 4 7) ~(El-E2) + E2-E3} +(E3-El}} ~ Ey .. 

Therefore, the effective strain, £eff ' in any element of the end-plate is 

calculated in terms of principal strains of the element, as follows: 
_ '" ( }2 2 2 Is Eeff - .~ {El-E2 +(E2-E3) +(£3-£1) } 

J 
(2.4.8) 

If Eeff is found to be greater than Ey ' then the element is said to have 

yielded and the elastic modulus, E, cannot be used to formulate the stiff

ness matrix of such an element since E=O. (A singular system stiffness 

matrix will result .) Hence, for yielded elements the reduced modulus of 

elasticity is taken as the secant modulus of elasticity, Es ' which can be 

calculated from (see Figure 2.8a): 
a 

E =...:..L (2.4.9) 
.s Eeff 

In each cycle, the elastic modulus of the yielded elements (i.e., when 

Eeff> Ey) is set to their secant values. 

To check for yielded elements, principal strains are calculated 

based on two methods: 

1. Principal strains are calculated at each node and the average 

of these values taken as E1, £2 , and E3 for each respective element to be 

used to compute Eeff from Equation (2.4.8) . 

2. Principal strains are calculated at centroid of each element 

and these are used for each respective element to compute Eeff from Equa

tion (2.4.8). 

For the 2-D model, both the options implemented, but for 3-D models only 

the second option was used. 
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2.5 Finite-Element Program 

The Finite element program used in this research study was 

written in FORTRAN language and implemented on the University of Okla

homa's IBM-380 model 0 computer. This computer program is essentially 

the same as the one described by Ghassemieh(20) , with nonlinear capa-

bility being incorporated for both 2-0 and 3-0 elements and direct access 

files used to minimize costs. The modified program was called "Nonlinear 

End Plate Analysis Program" (NONPAP), and is written specifically for the 

purpose of analyzing bolted end-plate connections conSidering nonliner 

material behavior ana takes into account the pretension force applied to 

the bolts. It also considers the possibility of plate separations. 

The program is a relatively large program with approximately 

2000 records and requires about 8 seconds of CPU time for compilation 

alone. The core memory requirements are of the order of 292 and 423k 

for 2-D and 3-D typical runs, respectively . The program requires two 

input and one output units for operation. In addition direct access 

files are used throughout the program. 

The program execution begins with reading the basic geometry of 

the mesh along with the material properties of the element. Then the 

main program calls the pre-processor subroutine for generating node coor

dinates, element definition and material properties of the elements. 

Data is processed and all elements are identified with their appropriate 

boundary conditions. The main program then calls subroutine STIFF to 

formulate the system stiffness matrix. 

In subroutine STIFF, first the element number (MM), d.o.f. 
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number (MID) and element type (MDF) are written on direct access File 15 . 

Then the element subroutines, bar (BARSP), Triangle (TRIAN), rectangle 

(REeT), quadrilateral (QUAD) or solid (SOLID) are called to generate the 

element stiffness matrices, depending on the type of element used . In 

addition, the element stiffness matrices are also written on a new File 

17, which is retained so as to store the elastic stiffness matrix of each 

element. In the QUAD subroutine, the displacement-stress transformation 

matrices (DB) of the 4 corner nodes of the element are also written on 

the direct access Files 20 and 21 before the element stiffness matrix 

is written. Similarly, in the SOLID subroutine, the displacement-trans

formation matrices (BB) and displacement-stress transformation matrices 

(DB) evaluated at the corner nodes (or at the centroid when a yield check 

is made at the centroid) of the element are also written on the direct 

access Files 18 and 19 before the element stiffness matrix is written . 

After formulating the element stiffness matrices, these are stuffed into 

the system stiffness matrix using compatibility relationships between 

element nodes . Similarly, the load vector which is read in the main 

routine, for each loaded element (concentrated nodal loads only con

sidered) is stuffed into the system load vector. 

The resulting stiffness matrix will be symmetric for a stable 

structure and banded with the size: (NDOF x ISO), where NDOF = total 

number of d.o . f. and IBD = band width. Thus the stiffness matrix con

tains (2xIBD-l)xNDOF non-zero elements. Using the symmetry of this 

matrix, the core storage can be reduced by storing only the upper (NDOFx 

ISO) portion of the system stiffness matri x, wh i ch is a rectangular 
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matrix. But, since the f.inite-element model for the whole connection 

gives a large number of system equations (specially for partial 3-D 

models), even this method of storing the system stiffness matrix is in-

adequate, and an alternative procedure was to be developed. The pro-

blem was solved ;n the subroutine STIFF by dividing the system matrix 

into many blocks and having two blocks in the computer core at a time, 

while the remaining portions are kept in sequential file. Thus, in the 

subroutine STIFF two blocks are used with lower one being moved up at 

the upper one is being read from the file . Determination of the block 

size and number of blocks is automated. The block size is computed as 

NBD-3 (maximum node difference + 1) , where NBD = maximum difference in 

d.o.f . numbers in any element + 1. The number of blocks required to sub

divide the system stiffness matrix is computed from NBL = 1 + (NooF-l)1 

NBD . In a "Do-Loop" covering all NBL, elements associated with the 

d.o.f. in a certain block are stored in that block. Modification is also 

made in the load vector for changes made in the boundary conditions of 

the back nodes of the end-plate. 

The main routine then calls the subroutine BANSOL to obtain the 

solution of the system stiffness equilibrium equation for nodal dis

placement. The modified Guass elimination technique is utilized to solve 

the banded equations which are stored in the blocks. Finally, subroutine 

STREAC is called by the main program to calculate the stresses and re-

actions. 

In the subroutine STREAC, the following files read in a "Do-Loop" 

covering all the element : 

-34-



• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

1) The element number. d.o.f. numbers. and element type are 

read from File 15 . 

2) Strain-displacement matrices and stress-displacement ma

trices are read from File 18 and 20 . 

3) Elastic stress-displacement matrices are read from File 21. 

To consider the inelastic effect. the element stiffness matrix 

of those elements whose effective strain exceeds the yield strain will 

have to be modified. The effective strain for each element is calculated 

using Equation (2.4.8). where for the first option, the principal strains 

are calculated (using strain-displacement matrices) first at each corner 

node and then an average value used to check yielding. In the second 

option, where a yield check is made at the centroid, the effective strain 

is calculated directly at the centroid only. If element is yielded, then 

the element stiffness matrix is adjusted by an appropriate scaling fac

tor (SF) which is found from the following equation: 

(2 .5.1) 

For a yielded element, n, the new element stiffness matrix, {K)n, is then 

computed from 

{K)n = SF {K)n (2.5.2) 
new elastic 

From Equation (2.5.2), it is found that the element elastic stiffness 

matrices are required to compute the modified (or new) element stiffness 

matrices in each cycle to consider nonlinear material behavior. If an 

element has not yielded. then the program proceeds without changing the 

element stiffness matrix. The updated stiffness matrix replaces the old 

one on the direct access File 16 for further computation. For a yielded 
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element, the stress-displacement matrices, (DB)n, also have to be modi-

fied in the same way as stiffness matrix, i.e . , 

(DB)~ew = SF (DB)~'astic (2 .5.3) 

The updated stress-displacement matrices and strain-displacement matrices 

are replaced on the direct access Files 18 and 20 in adequate places. 

Finally, the stress, {a}n, and reactions, {Rec}n, for each element are 

calculated from the deflection vector, {aJ n, for the element, i.e., from 
n ()n n 

(a) = DB new (o) (2 .5.4) 

and 

(2.5 .5) 

Thus, the new direct access Files 16, 18 and 20 contain information re-

garding the updated stiffness matrices and the appropriate updated trans-

formation matrices of the elements. 

The value of the ratio SF for an element indicates the degree of 

yielding in the element. Failure in a plate element is said to occur due 

to excessive yielding if the strain becomes equal to 0.02 (i.e., SF=1/12). 

For the bolt shank element, failure is said to occur due to rupture if 

strain is equal to or exceeds 0.00693 (i.e., SF = 0.40). If any of these 

failure modes occur then the execution is stopped and a message is print

ed defining which criteria was violated. The variation of load versus SF 

for a typical element is shown in Figure 2.9 . One of the corner nodes 

of this element experiences the maximum end-plate separation. As shown 

for this connection, at load level 4 (when 0bf = 0.4ay, also see Figure 

2.1(c)) the connection fails due to excessive yielding in the end-plate. 
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A typical analysis sequence is as follows: The pretension 

caused by the bolt tightening is first applied as forces at the bolt 

end nodes. Displacements of bolt nodes and the back of the end-plate 

are then determined. The resulting bolt elongations and displacements 

are applied as specified displacements for the subsequent external load

ings, thus simulating bolt tightening process and subsequent iteration 

with the other components. When the pretension load is applied, the 

back of the end-plate is assumed to be in contact with the support, and 

the actual deformed shape is determined by an automated trial and error 

procedure. At the end of each cycle, the displacements and reactions of 

the nodes at the back of end-plate are checked, nodes tending to move 

away from supports are released; previously released nodes which moved 

into the support region are constrained. The process of analysis and 

checking support modifications is repeated until no changes occur. 

The flow chart of the program is shown in Figure 2.9 and the 

associated variables are defined in Table 2.1. 

2.6 Comparison of 2-D and Partial 3-D Results 

Upon comparison of the results of the 2-D and partial 3-D finite 

element analyses with eight sets of experimental test results (discussed 

in Chapter IV), it was found that the partial 3-D model that best com

pared with experimental results required approximately 150 minutes of 

CPU time. The similar 2-D model required about 6 minutes of CPU time. It 

is obvious that the 2-D model is much more suitable for rearession analysis 

than the ~-U model because of computer time associated cost. Figures 

C.3 and C.4 in Appendix C shows a close correlation between 2-D and 
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Figure 2.10 14acro Flow Chart for Finite Element Program (continued) 
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Table 2.1 Definition of Symbols Used in figure 2 .10 

( a ) MAtH ilout1ne 

MBD - Maximum band width 

F1le 5 - Unit responsible for reading title card which alao 
contains various specifications of number of ele
ments and cards for various losding cases 

Noof - Number of d.o.f. 

P - Loading case 

MSC - Number of support changes 

ICYL - Cycle number 

MCYL - Total number of cycles specified 

STIFF - Subroutine to calculat~ ~lcment and sy~tcm ~tlff
ness matrix 

BANSOL - Subroutine to perform a "banded solution" of the 
8tiffnes8 matrix and applied forces 

STREAC - Subroutine to calculate stresses and reactions 

TP - Totel number of loading cases 

File 1 - Store. information for elements and boundary con
dition. of the deformed configuration of end-plata 
to be used in the next load level 

File 2 - Used as back-up for File 1 

(b) STIFF Subroutine 

IBD - llalf of band-width . 

MBL - Total number of blocks into ~hich system s tiffne •• 
matrix is divided 

lBL - Block number 

HH - Element number 
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Tabl. 2. Definicion of Symbols Used in Figure 2.10 

HDF - Tocal degree. of freedom for that ele .. nc 

HID - Keeps trock of d.o.f. numbers associaced with a 
particular element 

ICYL - Cycle number 

IFIL - Code for generating or using data 

NUKEL - Haximum number of elements 

EX - Element stiffness matrix 

B - Boundary force vector 

A - Sy.t .. atiffne •• aacrix 

File 4 - Unit that contains boundary force vector 
and syacem stiffness .. trix 

(c) Element Subroutines 

IFLAC - Flag to keep crack of number of passes. Stres. 
computations skipped in 1st pass 

aa - Oisplacement-scrain cransformation 

DB - Oiaplace.ent-atreas transfonaation 

EK - Same a~ In STIFF 

NSP - Number of corner nodes 

DBE - Elastic displacement - stress transformation 

EKE - Ela.tic element .tif fness .. trix 
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Table 2. 1 Definition of Symbols Used in Figure 2.10 

(II> STREAC Subroutine 

HID - SalDe as in STIFF 

EI( - Same as in STIFF 

NllKEL - Same as in STIFF 

HH- Same as in STIFF 

NSC - SalDe as in HAIN 

I: 

08 Same as in lIF:lpmenc" 

DBE - Same aa in "Element" 

BB - S .... e as in "Eleaent ll 

IISC - Nuaber of support chanK"~ 

aU - Eft ect ive strain 

ty - Yield atrain 

0y - Yield stress 

I - Modulua of elasticity 

E - Hodified modulu~ uf cl~bti c[ ty 
s 

SF - Hodification factor for ele~nt stiffne .. .. erix 

EKN - Hodified el~ment stiffness matrix 

EI(E - S8II\e SS in "Element" 

SIC - Nodal stress 

IEC - Nodsl reaction 

DEL - Nodal deflection 

IFLAC - 71~~ to keep track of number of passes. Stress 
co~utations are at last pass . 
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Pdrtial 3-D models at lower load levels for moment versus plate sepa

ration. Only at the failure load level does the partial 3-D model 

represent more closely the true behavior of end-plate when compared 

with experimelltal results. 

Table 2. 2 shows the separation relationship between 2-D and 

Partial 3-D models. From this data, it was decided to use the 2-D 

model, with a correction factor of 1.5 applied to the plate separation 

at the failure load level for further work. 

2.7 Comparison of Analytical and Experimental Results 

The comparison of analytical and experimental results are pre-

sented in detail in Section 4.2 of Chapter IV. However, a brief discus-

sion follows. 

Comparison of the 2-D finite ~lement model results with experi-

mental results for moment versus plate separation and bolt force versus 

moment is shown in Figure B.1 through B.16 in Appendix B. For moment 

versus plate separation (Figures B.1 through B.8), it is observed that 

good correlation is obtained at lower load level between the 2-D finite 

element and experimental results (maximum difference of 5-10%). At 

higher load levels, when the plate fails due to excessive yielding, the 

2-D model cannot explain the behavior of the connection accurately. Fi-

gures 8.9 through B.16 are bolt force versus moment plots which show good 

correlation between analytical and experimental results (differences of 

10-15% for various load levels). 

Comparison of the partial 3-D Mesh-I results with experimental 

results for moment versus plate-separat-i on as well as bol t force versus 
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Table 2.2 
Comparison of Plate Separation from 

Partial 3-D and 2-D Models 

Ratio or Partial 3-D 
Experimental Case Load Level Separation/2-0 Separation 

F-3/4-1/2-16 1 LIS 

2 1.07 

3 1.12 

4 loS 

F-S/8-1/2-10 1 0.98 

2 1.00 

3 1.01 

4 1.S6 

F-S/8-1/2-16 1 1.2 

2 1.2 

3 1.3 

4 1.6 

F-3/4-1/2-24A 1 1.2 

2 1.2 

3 1.23 

4 1. S1 
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moment are shown in Figures C.l and C.2, respectively, in Appendix C. 

The plate separation predicted by this mesh is much more flexible than 

that obtained from experimental results (a maximum difference of 601) . 

The bolt force plot versus moment plot indicates good correlation be

tween analytical end experimental results (a maximum difference of 151) . 

Comparison of the partial 3-D Mesh-II results with experimental 

results for moment versus plate separation as well as bolt force versus 

moment are shown in Figures C.l and C.2, respectively. Comparing these 

results with results from the partial 3-D Mesh-I, partial 3-D Mesh-II, 

gives less flexible resu l ts which are closer to experimental results 

than the partial 3-D Mesh-I results. However. Mesh-II results for n~

ment versus plate separation are still more flexible in comparison to 

the experimental results (a maximum difference of 301) . 

Comparison of the partial 3-D Mesh-III results for moment versus 

plate separation (a maximum difference of 151 ). 

2.8 Conclusions 

The 2-D finite element model of the connection is a more sti ff 

representation of actual end-plate behavior since it does not account 

for the effect of transverse bending of the plate. On comparing the 

2-D finite element moment versus plate separation results with experi

mental results on similar specimens. it is found that good correlati on 

with test results is obtained for lower load levels. but for higher 

load levels the model is excessively stiff . However. the 2-D model 

predicts the bolt force in the tension bolts very close to the 
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experimentally observed values. 

Out of the three partial 3-0 finite element models studied, it 

was concluded that it is essential to model the end-plate, bolt shanks, 

bolt heads, welds connecting end-plate to the beam and the beam flanges 

with 3-0 elements. The web may be modeled with 2-0 elements. If the 

beam flanges is also modeled using 2-0 elements a portion of the plate 

is not considered in the model, which predicts a much more stiff 

behavior in comparison to that obtained from experimental observations . 

From the discussion in Section 2.3, it was concluded that the partial 

3-0 Mesh-III with 546 elements, 998 nodes and 2810 d.o.f. gives the 

best results when compared to experimental results on similar speci-

mens. Thus this model was used to develop a correction factor between 

Partial 3-0 and 2-0 results and was found to be equal to 1.5 at the 

failure load level. 

To conduct the feasibility and sensitivity study and to de-

ve10p the prediction equations characterizing the connection behavior, 

finite element analyses of a number of cases are needed. For a typical 

connection, the computer costs associated with partial 3-0 Mesh-III is 

much higher (30 to 40 times) than that of a 2-0 mesh. Because of costs 

involved, it is not feasible to conduct the parametric study completely 

based on partial 3-0 Mesh-III. Based on comparison of 2-D, partial 3-0 

Mesh-III and experimental results, it was found that if a correction 

factor of 1.5 is applied to the failure load level, the 2-0 model re

sults for end-plate separation are adequate. 

In summary, it was concluded that the 2-0 finite element 
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model, with 560 elements, 626 nodes and 1252 d.o.f . can be used for the 

analyses needed for the parametric study. The prediction equations for 

maximum end-plate separation and maximum bolt force in the tension 

bolt will be developed from the 2-D results. Finally, a correction 

factor equal to 1.S needs to be applied to the 2-D prediction equation 

for maximum end-plate separation. 
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3.1 Introduction 

CHAPTER III 

PARAMETRIC STUDY BASED ON 

TWO-DIMENSIONAL FINITE ELEMENT MODEL 

• A parametric study was conducted to detennine the effect of the 

• 

• 

• 

• 

• 

• 

various parameters on the behavior of the flush end-plate connection with 

two bolts in the tension region. Parameters describing the geometry of 

the connection and the force applied were chosen as independent parameters 

and the maximum separation in the end-plate and force in the tension bolt 

were chosen as dependent parameters. The 2-D finite element model and the 

computer program 'NONPAP', described in Section 2.5 of Chapter II, were 

used to conduct this parametric study. The finite element results from 

sufficient cases were regressed to develop prediction equations for the 

dependent parameters. The prediction equations developed using the 2-D 

finite element results are corrected using the scaling factor developed in 

Section 2.6 of Chapter II so as to characterize the behavior of the more 

realistic 3-D model. 

In this chapter, independent parameters, dependent parameters. 

selection of cases and development of the "best-fit" prediction equation 

for the dependent parameters are presented. Independent and dependent 
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parameters are discussed in Section 3.2. Selection of cases is explained 

in Section 3.3. The salient features of the regression technique used 

are presented in Section 3.4. The development of the prediction equa

tions is presented in Section 3.5. Selection of the "best-fit" set of 

prediction equations for maximum end-plate separation and force in ten

sion bolt are presented in Section 3.6. Finally the conclusions of the 

parametric study are summarized in Section 3.7. 

3.2 Definition of Parameters 

3.2.1 Independent Variables: 

The primary geometric related variables for the 2-D model of 

the flush end-plate connection are identified as follows: t = thick
P 

ness of the end-plate, Pf = pitch of the bolt (distance from top of the 

flange to the centerline of the bolt), tw = thickness of the web, h = 

depth of the beam, db = nominal bolt diameter, bp = width of the end

plate, 9 = gage of the bolts (centerline distance between two bolts) 

and gb = width of equivalent rectangular bolt area. The variable gb is 

calculated by using toe following expressions (refer to Section 2.2 of 

Chapter I I) : 
(3.2.1) 

where AS = area of beam cross-section and db = nominal bolt diameter. 

With the exception of gage (distance between bolt centerline in 

the same row), all other geometric variables which were used in the par

tial 3-D model were determined as functions of the aforementioned primary 

independent variables. The edge distance, de' was set at 
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(3.2.2) 

Exact dimensions of the bolt head diameter, dh, and bolt head height, ht' 

are found in Reference 25. The relationship between dh and ht with db 

are approximated as 

dh " 1. 75 db 

ht " 0.7 db 

(3.2.3) 

(3.2.4) 

The size of the fillet welds, ws ' connecting the end-plate to the beam 

flanges and the beam web was computed to develop the yield capacity of 

the two equivalent bolts, i.e., 

(3.2.5) 

or 
A F 

Ws = rr (t) (~) 
p by 

(3.2.6) 

where (ws/~ is the throat size of fillet weld, Ab is the gross area of 

bolt, Fby is the yield stress of the beam material and Fyb is the yield 

stress of the bolt based on gross area. 

The force related independent variables in the study were taken 

as M = applied moment on the beam stub calculated from double triangular 

stress-distribution, according to simple bending theory and PT " pre

tension force as specified in Table 1.23.5 of Reference 13. However, the 

pretension force, PT, is omitted because it is related to the bolt diame

ter, db' and the yield stress of the bolt, Fyb ' as follows: 
_ (" 2 PT -0.7 jfdb)FYb (3.2.7) 

3.2.2 Independent Parameters 

Two sets of independent paramenters were considered in the study. 

In the first case, the seven primary geometric variables were non-

-57-



• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

dimensionalized with respect to plate width, bp' to give six independent 

parameters as follows: 

n1 = tp Ib p' the plate thickness parameter; (3.2.8) 

n2 = Pf/bp' the bolt pitch parameter; (3 .2.9) 

n3 : tw/bp' the beam web thickness parameter; {3 .2. 10} 

n4 = tf/bp' the beam flange thickness parameter; (3.2.11) 

n5 = h/bp' the beam depth parameter; and (3.2.12) 

n6 = db/bp' the bolt diameter parameter. {3.2 . 13} 

In the 2-D finite element model the width gb of the equivalent rectangular 

area representing the row of bolts in the tension and the compression re

gion was an input variable. So, in addition to the aforementioned six 

geometric related parameters. one additional non-dimensionalized param

eters was incorporated 

gb 
n7 = b

p 

{3.2 . 14} 

Ghassemieh{20}, after numerous attempts, found that incorporation 

of bending parameters representing the bending stiffness of the end-plate. 

greatly improved the prediction equations characterizing the behavior of 

extended end-plate connections. Since a 2-D model is considered in this 

study, only one bending parameter was considered, which was defined as 

follows: 
P 3 n _ f 

8 - b t 3 
p p 

(3.2 .15) 
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This parameter has unit of {length} -1. 

The force related variable was defined as 

n9 a M {3.2 . 16} 

This parameter has unit of {force x length}. 

The nine parameters described were used to obtain the first set 

of regression equations described in Section 3.5. 

In the second case. the seven primary geometric variables and 

gb were non-dimensionalized with respect to beam depth. h. In this case 

two sets of independent parameters were considered: The one is obtained 

by non-dimensionalizing the basic geometric variables and the additional 

parameters obtained by considering combinations of the basic geometric 

variables. The basic parameters obtained from the primary geometric 

variables. gb and force variables are as follows : 

nlO = tp/h • the plate thickness parameter; 

nIl = Pf/h • the bolt pitch parameter; 

n12 = tw/h. the beam web thickness parameter; 

nl3 = tf/h. the beam flange thickness parameter; 

nl4 = bp/h. the width of plate parameter; 

nlS = db/h. the bolt diameter parameter; and 

nl6 = gb/h. the width of rectangular bolt zone 

parameter. 

{3.2.17} 

{3.2.18} 

{3.2.19} 

{3.2.20} 

{3.2.21} 

{3 .2.22} 

{3.2.23} 

The following additional parameters were also considered for use in at-

tempts to arrive at compact expressions by regression analysis: 

r 
n

17 
= hb • the radius of gyration parameter; {3.2.24} 
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I 
nIB = ~ , the end-plate moment of inertia oarameter; (3 .2.25) 

h 

I 
nI9 ., ~, the beam moment of inertia 

h 
parameter; 

M n20 z H' the applied moment over yield moment parameter; 
y 

and 

(3 .2.26) 

(3.2.27) 

liz 1 
M = ~, the applied moment over plastic moment parameter . (3.2 .2B) 

where 
p 

is 
7\:' S 

1 3 Ip = (12) (tp) (b p) , 

AS = area of the beam, 

My = yield moment capacity of beam cross-section, and 

Mp ., plastic moment capacity of beam cross-section. 

3.2.1 Dependent Parameters 

(3 .2.29) 

(3.2 . 30) 

(3.2.31) 

The primary concern of this study is to develop prediction equa-

tions for the maximum deflection in the end-plate and force in the tension 

bolt. Therefore, two dependent parameters were chosen as follows : 

IT = f&}max' the maximum end-plate separation, anc 
a 

nb ., SF' the force in tension bolt. 

These have units of length and force, respectively. 

3.3 Selection of Cases 
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To conduct the parametric study, it was decided to limit the 

geometric variables to practical ranges based on usual detailing practi

ces, as given in Table 3.1. Based on the ranges of variables defined in 

this table, the following procedure was adopted to select the beam di

mensions: 

1. Four values of beam depth, h, were selected based on maxi

mum and minimum value of h given in Table 3.1. The four values selected 

were 10 in., 16 in., 24 in. and 30 in. 

2. For each value of beam depth, four values of beam flange 

width, bf (zb p' end-plate width), were considered as follows: h/6, hIS, 

h/4 and h/3. However, a limitation was put on bf 60 that bf ~ 2 in. 

3. For each value of beam flange width, four values of beam 

flange thickness, t f , were considered as follows: bf/35, bf/26, bf /16 

and bf/16. A limitation was put on t f so that t f ~ 0.1 in. 

4. For each value of beam depth, four values of beam web thick

ness, tw' were considered as follows: h/160, h/lS3, h/lO? and h/lBO. A 

limitation was put on tw so that ~ ~ 0.1 in. 

Based on this procedure for choosing the values of h, bf and tw' a total 

of 256 different beam cross-sections can be chosen which will fall within 

the range of the variables given in Table 3.1. A computer program was 

written to develop cross-section properties for these 256 cases. 

Performing finite-element analyses for the flush-end-plate con

nections corresponding to the 256 beam cross-sections and then regress

ing the results to develop the prediction equations would have been very 

time consuming and costly. So it was decided to select 50 beam cross-
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Table 3.1 

Practical Ranges for Various 

Geometric Parameters (in.) 

Parameter Low Intennedi ate 

9 2 1/4 2 3/4 

db 5/8 3/4 

Pf 1 1/8 1 3/4 

bp 5 7 

tp 5/16 1/2 

t f .18 .375 

tw .10 .1875 

h 10 24 
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sections for further analysis. The following automated procedure was 

used to select these 50 cases: 

1. The value of yield moment, My' was calculated for all the 256 

beam cross-sections using the following expression: 

{3.3.1} 

where S = elastic section modulus and Fby = yield stress of the beam ma

terial. 

2. Choose number of beam cross-section, say n, to be considered 

in the study. The value of n was taken as 50. 

3. A moment interval, dM, ~as computed based on the following 

expression: 

{3.3.2} 

where {My}max = maximum yield moment calculated in step 2 and {My}min a 

minimum yield moment calculated in step 2. 

4. For each case, the beam cross-section is chosen such that 

its moment carrying capacity is given by 

Mm = {My}min + {m-l} M1 ~ {My}max for m = 1, 2, 1, ...... n 
{3.3.3} 

For each of the aforementioned 50 cases, the end-plate thickness 

and bolt diameter was computed using the experessions developed by 

Srouji{2}. The expression for end-plate thickness, t p' used is : 

t = p hOP hoP -P 
C { __ t} + 2{ t f + 1) + 

P f g 

-63-

{3.3.4} 



• 

• 

• 

• 

• 

• 

• 

• 

• 

where c = (bf-9)/Z = end-plate bolt edge distance. Mu = ultimate moment 

applied to the connection. Fpy K yield stress of plate material. h = 
depth of beam cross-section. Pt = pitch measured from top of flange to 

centerline of bolts. Pf = pitch measured from bottom of flange to center

line of bolts and x is given by 

) 
2 -1 1 2 P t/g 

x = (h-tf n/2 Sec tan 2 n ( " ) (3.3.5) 

where 1 = length of yield line n 
n 

The expression used for bolt diameter. db' is 

db = 12SF/nF a (3.3.6) 

where SF z bolt force and Fa = allowable bolt stress . 

3.4 Regression Analysis 

Some of the considerations in developing the regression equations 

are discussed in this section. In statistics, regression equations are 

developed from sample data collected from experiments conducted to deter-

mine the values of the dependent parameters for preset values of indepen-

dent parameters. However, the finite element analysis are not experi-

ments in the true sense, since the results for each case are completely 

deterministics and reproducible. 

To perform the regression analysis, it is a common procedure to 

represent the response or dependent parameter as a function of the inde

pendent parameters. In the parametric study, the maximum end-plate sep-

aration, "a' and force in tension bolt, "b' are the two responses mea

sured (or here. obtained by computer solutions) as functions of the in-

dependent variables "1 through ng. The independent variables " 1 through 

"9 for the 50 cases selected, as described in Section 3.3, were the input 
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data to the computer program described in Chapter II, which eventually 

were solved for the maximum end-plate separation of the back of the 

end-plate and the force in the tension bolt. Thus the objective of 

the regression analysis was to develop equations to describe the con-

nection behavior in the forms: 

ITa = fl (HI' H2, H3, H4 , HS' H6 , H7, fi S' fig) (3.4.1) 

fib = f2 (HI' fi 2 , H3, H
4

, fi S' H6 , fir HS' Hg) (3.4.2) 

Determination of the functions f1 and f2 is discussed in general 

terms as follows. Let 

(3.4.3) 

be a function of n independent parameters, intended to fit data collected 

from a study. A linear (or sum) regression model for the function is 

written as 

+ C (fi fi II ) 123 ..... n 1 2 ..... n (3.4.4) 

This technique yields information on the relative significance of not 

only the main parameters 111' fi 2 , .... , fin' but also the interactions HI 

H2, 11 2113, . .... , (11111 2 ..... lin). However, in mos t pract i ca 1 prob 1 ems, 

such as the one reported, many of the higher-order interactions may be 

eliminated on the basis of physical and intutive considerations . Likely 

interactions must, however, be inc luded in the model. The flush end-

plate connection behavior is so complex that it is not easy to completely 

define all the interactions. 
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If a linear regression model is not found satisfactory. an alter-

ternative is the nonlinear (or product) regression model of the form: 

x = CO"l 
Cl n2 

C2 
nn 

Cn (3 .4.5) 

This may be reduced to a linear regression model if logarithms are taken 

of both sides. i.e .• 

(3.4.6) 

Denoting the logarithms of the various parameters by prime superscripts. 

Equation (3.4.6) becomes 

x' = C'o + cln'l + c2n'2 + .. .. . + cnn'n (3.4 .7) 

which is similar to the first group of terms in Equation (3.4.3). It 

should be noted that in Equation (3.4.7) product terms of the form n'l' 

n'2' n'3' "'4' etc .• do not occur. so no interactions are present. 

In this study the coefficient C'o and the exponents C1• C2 •.....• 

Cn in Equation (3.4.6) are determined by multiple regression analysis. so 

as to obtain the best least square fit to the data. In this method the 

best fit regression equation is taken as the one which minimizes the sum 

of the sqaures of the deviations of the data points from the equation fit

ted to the data. To demonstrate the basic principles. say the value of 

the dependent variable predicted from the best fit equation is x'i' for 

any particular set of values. n'li' n' 2i' n'3i •...• n'ni' while it is 

measured (or directly determined) value is Xi. Deviation of the predict

ed value from the measured value is given by 

Xi - x'i = Xi - (C'o + Clx'li + C2x'2i + 

sum of the squares. S. for (say) m data is given by 
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m 
S = E 

i=1 
(X'._X ,. )2 

1 1 
(3 .4.9) 

The unknown coefficients C'o' C1' C2 ' . ... . Cn are determined by mini

mizing the quality S with respect to each coefficient, i .e . , by setting 

as 
ac' o 

as as as = 0, aE1= 0, ~= 0, .. . .. , ~ac ... n-= 0 (3 .4.10) 

This will result in (n + 1) linear simultaneous equations from which the 

coefficients C'o' C1' C2 •.. . ..• Cn can be determined. To determine Co' 

the anti-logarithm of C'o must be found . 

A "goodness of fit" of the prediction equation is a comparison 

of S, sum of the squares, for the deviations for the constant term Co 

above. The constant term model is 

S = C' o 

and the sum of the squares of this model can be written as 

m 
5 = E (i x,)2 
o i=l i - 0 

(3.4 . 11) 

(3.4.12) 

in which x'o is the mean. The difference between So and 5 is called as 

"sum of squares due to regression" and the ratio (50 - 5)/50 is called 

as "coefficient of multiple determination", R2, i .e . , 

R2 = 1 - 5/5 o (3.4.13) 

A value of R2 = 1 implies that 5 is zero and the regression pre

diction equation passes through all the data points. A value of R2 = 

0.80 means that 80% of the sum of squares of the deviations of the ob

served (or directly determined) X'i values about their x 'o can be ex

plained by the prediction equation obtained. 
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In the parametric study conducted no estimate of the experimental 

error was available, since in all cases the parameters were input in the 

finite element computer program, NONPAP, and the output was the response 

of the dependent parameters. Therefore, rerun of the same case would 

have given the same value of the response, thus not providing any infor

mation regarding the variance in the response. Not knowing how accurate 

the data was, the standard error of estimate was of very little help in 

checking the accuracy of the prediction equations obtained. The coeffi

cient of multiple determination, R2, thus was the sole criterion used to 

measure the adequacy of the prediction equation to characterize the be-

havior of the typical connection. Also, it was decided to examine the 

effect of each variable appearing in the prediction equation, and check 

to determine if it gives consistant results, when compared to actual ob-

served behavior, by varying it within the practical range. 

All the regression analyses were conducted using the computer 

program SAS(24) (Statistical Analysis System) available in the system 

library of the University of Oklahoma Computer Center. The SAS com

puter program is greatly used to conduct statistical studies in the area 

of social studies, psychology and mathematics. 

3.5 Prediction Equations 

Using the 2-0 finite element model described in Section 2.2 and 

the computer program NON PAP explained in Section 2.6, the 50 cases selec-

ted in Section 3.3 were analyzed. The results of the analyses were re

gressed, using the procedure explained in Section 3.4, to develop the 

prediction equation for maximum end-plate separation, TI a , and force in 
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the tension bolt, ilb. 

Two sets of prediction equations were developed. In the first 

set the parameters ill through il9 were considered and in the second set 

the parameters "8 through il 21 were considered as independent parameters . 

In all cases the nonlinear form of the regression equation, i.e., Equa

tion (3.4.5), was used. A total of 37 different "cases" or combina

tion of the independent parameters as 1isted in Table 3.2 were tested. 

In formulating some of the cases combinations of the basic 

geometric and force related variables are used. For example in case 9, 

the following parameters are considered as independent parameters: il lO ' 

illl' "19' "8' "20' Comparing this case with case 2, it can be seen that 

the parameters connected with beam geometric variables, i.e., t f , tw' 

bf(=b p) and h, are replaced by parameter il l9 = IB/h, where IB = moment 

of inertia of beam cross-section. Similarly the geometric variable Ip' 

defined in case 22 is used to replace variables defining end-plate cross

sectional geometry. such as tp and bp(=bf ) . In some cases applied load 

is defined using "20' while in other cases it is replaced by il 21 . The 

input information for all the basic independent parameters (il l to il6) 

and the corresponding dependent parameters used to perform the regres-

sion analysis are given in Appendix E. 

The values of the constants and exponents obtained from the re-

gression analyses for the maximum end-plate separation, ila • and the force 

in the tension bolt, ilb, for all the cases are listed in Table 3.3 and 

3.4, respectively. The value of R2 for each prediction equation obtain

ed is also given in these tables. 
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• Table 3.2 

Various Independent Parameter Combinations Tested 

• R2 'or ". R2 'or "b 

C ... Ind.pend.nt Paramltlrs Equation Equat10n 

1 D1, tl2' Q3' R., tiS ' n6 , tl7' RS' ng 0.9' 0.90 

• 2 "10' "11' "12' "13' "14' liS' "16' "20 0. 89 0.88 

3 "10' "11' "12' "13' a14 , a iS ' a16 , n8 , "20 0.94 0.90 

4 n10 , all' "13 ' "I" n20 0 .88 0.85 

5 010' trll tIll' RU ' "e' Ilro 0.85 o 83 

• 6 a10 , all ' n16 , "19' a20 0.89 0,83 

7 a10 , all' a16 , "19' "S' "20 0.89 O.St 

8 RIO' nu ' D14 • D16 , [119' R8 , AZQ 0.89 0.85 

9 "10' n11 , "19' "0' "20 O.SS 0. S4 

10 "10' nil' a16 , a17 , n20 
0 .89 0.86 

11 "10' "11 ' a16 , "17' as' a20 0.89 O.St • 
12 a10 , "11' "14' "16' "17 ' "S ' "20 0.9 ' 0.90 

13 "10' "11 ' "17' "S ' "20 
0.89 0.82 

14 "11' "16' "19' "IS' "20 O.SS O.St 

IS all ' a16 , a19 , "IS' ns , n20 0.86 O.St • 
16 "11' a14 , "16' "19' n1S' "S ' "20 0 . 89 O.St 

17 "n' "19' "17' "S' "20 
0.80 O.St 

IS " II' "16 ' "17' "IS' "20 0.87 0.80 

• 19 n11 , "16' "17' "IS' "S' "20 0.88 0. 87 

20 "II' "14' "16' "IS' "S' "ZO 0.C7 O. St 

21 " 11' "17' "IS' "S ' "20 O.SS O.St 

22 "11' "16' "19' " IS' "21 0.86 0.85 

• 

• 
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CUI 

23 

24 

25 

26 

Z1 

2S 

Z9 

30 

31 

31 

33 

34 

35 

36 

31 

Table 3.2 (continued) 

Various Independent Parameter COmbinations Tested 

R2 for A. R2 for ttb 
Indepe"d.~t P.ra.ete~1 Equui ... Equat1ol't 

Dll , °16 , DI9 , DIS' tt s ' "21 0.86 0.85 

Dll , DI4 , D16 • tt l9 , DI8 , "S' n21 0.92 0.85 

Dll , DI9 , "IS' "S' tt21 0.S3 0.86 

"II' al6 , "11' "18' n21 0.S1 0.86 

DII , DI6 , DI1 , DIS' "S' "21 0.88 0.86 

"II' "14' "16' "17' nlS ' "S' "Zl 0.89 0.85 

"11' D11 • Dl8 , "S' "Zt 0.88 0.84 

nlO ' "II' a16 • "19' nZI 0. 35 0.04 

nlO ' "II' "16' "19' "S' "ZI C.90 0.S5 

"10' "U' °14 , DI6 , "19' DS' nZI 0.94 0.90 

nlO ' "II' "19' ns , nZI 0.S1 0.84 

"10' nil' nl1 , "ZI 0.84 0.S3 

"to' "11' al1 , DS' "21 0.89 0.86 

nlO ' "U' "t6' nl1 , "S' "21 0.90 0.86 

"10' "II' "14' "17' "8' "21 O.U 0.90 
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Table 3.4 (continued) 

Constants and Exponents Obtained from 

Regression Analysis for Force in Tension 

Bolt Prediction Equation 
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Next an effort was made to select t he best-fi t predi ction 

equations which realistically characterizes the behavior of a typical 

connection. This procedure is discussed in the next section. 

3.6 Selection of Best Prediction Equations 

3.6.1 Elimination Based on Value of Coefficient of r~u1tiple Oetennina

tion. (R2) 

Although no error estimates were available to detennine goodness 

of fit. the value of R2 z 0.90 was considered satisfactory under the cir

cumstances. allowing for 90% of the variation of lla and ll b about their 

mean value. From Table 3.2. cases in which R2 has a value greater than 

or equal to 0.90 are selected for end-plate separation and bolt force 

prediction equations . So based on this criterion. five sets of equations 

for lla and llb (cases 1. 3. 12. 32 and 37) and one equation for lla (case 

24) are selected as the best-fit prediction equations as follows: 

Case 1 

• • II' .11, · 1. 336 t 7.620. -6 .932 .. -0 . 50 ' I ·0 .038 .• "3 .] 105] 05.8. »5 
.... I.e' lif, I~' lif, e~, e~, e~) e") 

p p p P P bt p • • 
{R2 

z 0.94} {3.6.1} 

(R2 = 0.90) (3.6 .2) 
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( ) ()"6 .00Z t -4 . 483 P, S. IBB t -0.S41 t, 0 . 403 ~ O.14Z ~ -0 . 189 ... -O .S19 .: -0.944" 1.3S6 
".' • .. x· • (f) (ll) (h

W
) (ll) (ll) (h ) (ll) (- ~·""""-t ) (-p 
• n \p.1 'I 

(R
2 

= 0.94) (3.6.3) 

3 ( )Z. 3SS t -6 .498 Pr 6.136 t -O . Sl1 t, 0 .886 ... O.Sll ~ -1.081 9. Z. OS7 P, -Z .013 
"." (f) (ll) (i) (ll) (ll) (h-) (ll) (~) ( 

• t 
(R2 = 0.90) P P 

" 2.S68 
) 

Y 

(3 .6.4) 

(3 .6.5) 

(3.6.6) 

• • tRiee 



• 

, 
-..J 
co , 

• • • • • • • • 

ill!..1! 

• < ,&, < '0, - 19 .141 P, ' .OM ~ IS .476 Pr -1.1S4 '" -' .219 .!... -S .66) '.1.086. 1.361 &... '11' 'II' ':-:-J' '11' '.,' ':-t' 'Ir' bplp • II p 

(R2 " 0.90) (3.6.7) 

.lli!....R 1 • <,., «0,-S .069 ~ -S.664 P, 6 .08S ~6 . CJ8!j '" -1.219 '. 1.086 P, -1.1S4. 1.36, • .... '.-' '11' (h' (11' ':-t' ':-:r' '.' II bpI P p 

(R2 " 0.94) (3.6.8) 

• < '0,, · 110 I -7 .876 p 7. 104 b -2 .419 .. O.S27 I 1.061 p l -2.281 2. S71 
• ,.J!" '1 ,.J!, (D, , ., " J ,M , 

II • • 11 h' ~ tr, 
(R2 " 0.90) P p (3,6.9) 

ill!.11. 
l 

• < , . , < ,.,-2 .6<' ~ -4 .1106 P, S.490 • -1.U6 '" -1.236 r. l .S91 P, -1.089. l . lS6 

• • ... '.' '11' 'f' '11' '.' ':-:JI 'I["' bpl p P 

(R2 " 0.94) (3.6.10) 

l 
• ,,-7. lBl ~ ·6 . 109 P, 6 . lOS • • 2. 141", 2. '7t r.4 . 170 P, .2 .06'" 2 S68 
b < • '. 1 '111 (T' '11' '.' (- , '.1 bpl,) p 

• • 
l' 
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(R2 .. 0.90) (3.6.11) 

3.6.2 Elimination Based on Predicted Versus Actual Plots 

To obtain the best-fit set of equations, using Equations (3.6.1) 

through (3.6.11) it was next decided to plot input or (actual) end-plate 

displacement versus predicted end-plate displacement and input bolt 

force versus predicted bolt force . These plots are illustrated in Fi

gures 3.1 through 3.11. To investigate the scatter of the points ob

tained from the regression analysis a line with slope of 1:1 has been 

drawn along with two other lines denotinq ! 25% deviation from abovemen

tioned line. Equations in which most of the points either lie on or are 

close to the line with slope of 1:1 are taken as the best fit equations. 

From Figures 3.1, 3.3, 3.4 and 3.7 it can be seen that there is too much 

scatter of the points beyond the! 25% deviation lines. These four fi

gures correspond to the prediction equations, Equations (3.6.1), (3.6.2) 

and (3.6.7), which correspond to the maximum end-plate separation and 

bolt force equations for Case 1 and the maximum end-plate separation 

equation for Cases 12 and 24 of Table 3.2. Therefore, based on these 

plots, it was decided to eliminate Equations (3.6.1), (3.6.2), (3 .6.5) 

and (3.6.7) from equations selected in Section 3.6.1. The remaining equa-

tions (Equations (3.6.3), (3.6.4)' (3.6.6), (3.6.8), (3.6.9), (3 .6. 10)' and 

(3.6.11) need to be further scrutinized to obtain the best-fit equations. 

The abovementioned seven equations are functions of either n20 

(=M/My) or n21 (=M/Mp)' To obtain a design equation, the end-plate 
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separation equation needs to be solved for plate thickness. For example, 

if Equation (3.6.6) is solved for t p' the resulting equation is 

p 3.460 hO .350b 2.180d 0.094 
t =~(~1~.8=2~7)~f~ ______ -Lp ____ ~b __ _ 
P 

M 0.900 
(T) 

(3.6.12) 

(6)0.667 t 0.364 
max w 

From this equation it can be seen that for a particular value of moment 

applied to the connection (i.e., M), if the beam size is increased (i.e., 

My is increased), then tp will also increase. This observation will be 

true for all maximum end-plate separation prediction equations involving 
M M My or ~. Hence, it was concluded that it may be better to keep the 

load parameter as a function of the moment applied to the connection 

only and not correlate it to the beam size. So it was decided to perform 

new regression analyses to obtain E~uations (3.5.3), (3.5.4), (3.5.6), 

(3 .5.8), (3.5.9), (3.5 . 10) and (3.5.11) in terms of applied moment, M, 

instead of ~ or M 
y Rp The resulting equations are as follows: 

Case 3. In Case 3, fi 20 has been changed to fi9 which results in : 

(3.6.12) 

L • P ,(.I·Z.06Z ~ 16 .'ZS Pr ·16 .81' t -0 .)l9' r 0.0'9' 5.61? ". -Z. 391 q. 0. '" Pf) 5.655 Z.56S 
... T (1o I (,I (il (,I (fl (" I (I; I ( I (MI 

bptp 

(R2 = 0.90) ( 3 . 6 . 13) 

• Case 12. In Case 12, only bolt force equation needs to be mOdi-

fied since plate separation equation has been eliminated. In this case 

fi20 is changed to fi9 which results in: 

• 
-91-

• 



• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

3 
-1.284 t 13 .830 P

f 
- 15 .21 3 ~ 4.81 1 9b -0.651 ' 8 -0 .221 Pf S 11'(H) 

.... ~T • (.) (f) (lI) (h ') (lI) () (b~~) 

(R2 = 0.90) (3 .6.14) 

Case 32. In Case 32, n21 has been changed to fi 9 which results: 

(R2 = 0.94) 

and 

(3.6 :15) 

(R2 = 0.90) (3 .6.16) 

Case 37. In Case 37, fi21 has been changed to fig which results 

in : 
3 2 160 ~ - 1 385 b 2.438 1.339 

-7 .223 t 6.041 Pf -5.673 rs O.959( Pf ) ' (' . ) . (~) (H) 
n •• (.x) ..... (e) (-j,2-) (h) (h ) ~ h h 

P P 

.1.121 Il.1lO 15 .211 -0 .223 

t Pf 
.... 'T • (e) (1) (n) 

(R2 = 0.90) 

-0 .651 

(~) 

' . 8\1 
b 
(1) 

2. 535 

(H ) 

(3.6.17) 

(3.6.18) 

Equation (3 .6.18) is the same as Equation (3.6.14). Equations (3 .6.5) 

and (3.6.6) are similar except for the last terms, which are ~ and MM , 
Y P 

respectively. Therefore, when MM or MM is changed to M then both 
y p 

equations will yield the same prediction equations. 

The input (or actual) versus predicted plots for Equations 

(3.6.12) through (3.6.18) were again checked. They all were similar to 

the corresponding plots shown in Figures 3.1 through 3.11. 
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3.5.3 Elimination Based on Behavior Prediction from Varying the Variables 

Individually 

To further investigate. whether the equations obtained at the end 

of Section 3.5.2. correctly depict the behavior of a typical flush end

plate connection with a single row of bolts in the tension region. it was 

decided to vary one variable through low. intermediate. and high values 

(values given in Table 3.1) and hold the others at the intermediate level. 

Since the prediction equation for maximum end-plate separation. i.e .• 

Ya = (6)max' was intended to be used for designing the end-plate thickness. 

tp' in this investigation Equations (3.6.11). (3.6.15) and (3.6.17) were 

solved for end-plate thickness. In solving for tp' the value maximum 

end-plate separation (6)max was set equal to 0.01 in. Since according to 

the 2-D finite element analysis of eight test specimens. the average 

value of maximum end-plate separation found to be equal to 0.01 in. (the 

solution of equation in terms of tp is illustrated in Chapter V) . 

In the 2-D finite element model. the two most important variables 

that effect the design of the end-plate are the pitch. Pf' of the tension 

bolt and diameter. db' of the bolt. The effect of these two parameters 

was investigated first. Figures F.1 through F.6 of Appendix F show the 

plots of moment versus plate thickness obtained by varying Pf and db 

through low. intermediate and high values in Equations (3.5.11). (3.5.15). 

and (3.5.17). respectively. The observations made from these plots are 

summarized in Table 3.5. From this table it can be seen that Equations (3. 

6.15) and (3.6.17) both predict that in a connection as the bolt diameter 

is increased. the end-plate thickness required will al so increase. This 
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• Equation 

3. 6.11 

• 

3.6 . 15 

• 
3.6.17 

• 
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tp 

as 

Table 3.5 

End-Plate Thickness Prediction by Varying 

P f and db 

Observations 

By varyi ng Pf By varying db 

increases significantly tp decreases. though 

Pf is increased significantly. as db 

increased 

not 

is 

tp increases significantly tp increases as db increased 

as Pf is increased 

tp increases significantly tp increases as db is increas-

as Pf is increased ed 
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is contradictory to the true behavior. With increase in bolt diameter, 

the end-plate thickness required should actually decrease. So based on 

this investigation it was concluded that Equation (3.6.11) predicts 

best the maximum end-plate separation. For this equation, the effect of 

variation of other variables, (beam web thickness, tw' beam flange, t f , 

width of end-plate, bp' and beam depth, h, on the end-plate thickness) 

with applied moment are shown in Figures F. 7 through F.10 of Appendix F, 

respectively. From these figures the following is observed: 

1) As tw is increased, the required tp decreases. 

2) As t f is increased, the required tp decreases. 

3) As bp is increased, the required tp decreases . 

4) As h is increased, the required tp decreases. 

These results show that as each individual variable in the beam cross-

section is increased more load is carried by the beam, therefore, the 

load going to the plate is less, thus decreasing the end-plate thick-

ness. However, if the beam cross-section is increased (i.e., heavier 

beam is used) due to higher moment applied to the connection, the plate 

thickness will increase. Figures F.7 through F.10 of Appendix F soley 

represents the effect of varying one individual variable at a time and 

keeping the other variables constant at their intermediate values. 

A similar procedure was used to select the best prediction 

equation for bolt force from Equations (3.6.13), (3.6.16) and (3.6.16) . 

Figures F.I1 through F. 17 of Appendix F show the plots for moment versus 

bolt force less pretension (SF - PT) obtained by varying db' Pf' t p' tw 

and h, respectively, through low, intermediate and high values i n 
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Equation (3.6.16). Figures F.lS through F.24 and F.25 through F. 31 show 

similar plots for Equations (3.6.16) and (3.6.13), respectively. The 

observation made from all these plots are summarized in Table 3.6. 

From Table 3.6 it is concluded that Equation (3.6.13) is the best 

fit prediction equation for bolt force since it represents the true be

havior of the connection. For Equation (3.6.13) the following observa

tions are made from Table 3.6: 

1. As db increases, (BF - PT) increases, which is correct, since 

a larger diameter bolt would be less stressed (Column 1 of Table 3.6) . 

2. As Pf' bp and t f increaase, (B F - PT) increases, which is 

correct, since by increasing each of these variables one at a time, the 

bending in the plate increases which results in less back nodes of the 

end-plate to be in contact, thus generating less reactive force at the 

back of the end-plate and so more load is transferred to the bolt (Col

umns 2, 3 and 5 of Table 3.6, respectively). 

3. As t p ' tw and h increases, (BF PT) decreases, which is 

correct, since the bending in the end-plate decreases causing more back 

nodes of the end-plate to be in contact, thus generating more reactive 

force at the back of end-plate and so less load is transferred to the 

bolts (Columns 4, 6 and 7 of Table 3.6, respectively). 

Equation (3.6.16) does not agree with the aforementioned arguments 

for Columns 1 and 3. Therefore, it is eliminated since it does not cor-

rectly characterize the connection behavior. Similarly Equation (3 .6. 1S) 

is also eliminated, since it does not agree with Equation (3 .6. 13) for 

Columns 1 and 5. 
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Table 3.6 

Trend of (BF - PT) from Varying the Basic Geometric Variables 

Effect on (BF - PT) by increasing 

Equation db Pf b t 
(ll (2) (3) (4~ 

3.6.13* decreases increases increases decreases 

3.6. 16** no effect increases decreases decreases 

3.6.18*** increases increases decreases decreases 

* Refer to Figures F.II through F.17 of Appendix F 

** Refer to Figures F. 18 through F.23 of Appendix F 

*** Refer to Figures F.24 through F.30 of Appendix F 

t f 
(5) 

increases 

increases 

decreases 

tw 
(6) 

decreases 

decreases 

decreases 

• •• • 

h 
(7) 

decreases 

decreases 

decreases 
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3.7 Conclusions 

Based on the process of elimination described in Section 3.6. it 

is concluded that the two best-fit regression equations which correctly 

describe the behavior of the flush-end-plate for end-plate separation 

and bolt force are Equations (3.6.12) and (3.6.13). respectively . Both 

these equations are based on the 2-D finite element results and have an 

R2 value greater than or equal to 0.9. 
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CHAPTER IV 

EXPERIMENTAL VERIFICATION 

4.1 Introduction 

A series of tests were conducted to obtain necessary data to 

evaluate the finite element modeling and also to verify the results 

of the parametric study. In Section 4.2, the testing program which 

includes test set up, testing procedure, instrumentation and loading 

are discussed. In Section 4.3, comparison of analytical and experimental 

results is presented. 

4.2 Testing Program 

4.4.1 Test Set Up and Procedure 

To verify the analytical procedure described for the flush end-plate 

connection, a series of tests were conducted by SrOUji(2). His tests 

consisted of eight one-row flush end-plate specimens, grouped into three 

series. The test set-up was as shown in Figures 4.1,4.2 and 4.3. The 

end-plates were welded to two beams and tested as splice connections 

under pure moment. The beam and end-plate material was A572 Gr50 steel 

and bolts were A325. Table 4.1 lists the nominal geometry of the one-row 

flush end-plate specimens tested. The table also lists the measured 

yield stress obtained using coupons cut from identical plate material . 
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Figure 4.2 Cross-Ser. tion of Test Set-up 
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Figure 4.3 Photographs of Test Set-up 
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Test 
No . 

I 
2 
) 

4 

5 

6 
7 

8 

• • • • • 

Tlble 4_1 
Two-Bolt flush End-Pllt~ Parameters 

Bolt End-Plate Beam flange 
Diameter Thickness Depth Width Pitch 

Test db tp h 

I 
bf Pf 

Designation (in) ( in) ( in) ( in) (in) 

FI-1/4-1/2-16 3/4 1/2(.505) 16 6 1 1/2 

Fl-1/4-1/8-16 3/4 1 3/8(.383) 16 6 1 1/2 

Fl-5/8-112-16 5/8 I' lIZ{. 508) 16 6 1 7/8 

Fl-5/8-3/8-16 5/8 I 3/8( .385) 16 6 1 3/8 

Fl-5/8-3/8-10 5/8 3/8( .384) 10 5 1 1/4 

n-5/8-11Z-10 5/8 1/2{ .506) 10 5 1 1/2 

Fl-3/4-1/2-Z4A 3/4 I/Z( .504) 24 6 1 3/4 

Fl-3/4-1/2-Z4B 3/4 lIZ( .502) 24 6 1 3/8 
I 

Notes : Fhnge and web thicknesses for all tests were 1/4 in. 
( .xxx) indicates measured thickness . 

• • • • 
sa ao 

I 

Gage Yield 
9 Stress 

(in) ( ksl) 

1 1/2 55 .4B 

3 1/2 59.45 I 3 3,.4 53.9B 

2 3/4 56.95 

2 1/4 51.90 

3 55 .80 

3 1/4 57 .53 

2 3/4 57 .53 
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The test designations shown in Table 4.1 are to be interpreted as 

follows: Fl-3/4-1/2-16 designates a flush end-plate with one row of 

3/4 in. diameter bolts ne_, the tension flange . The end-plate thickness 

is 1/2 in. and the beam depth is 16 in. In this set, tests were 

conducted using 10 in., 16 in., and 24 in. deep beams. 

In the test set up, the load for the first set of tests (Tests 

1,2.3 and 4 of Table 4.1) and the first two sets in the second set 

(Tests 5 and 6 of Table 4.1) was applied using a hydraulic ram powered 

by an electric pump. The load was monitored using a load cell and 

standard indicator. For the last tests (Tests 7 and 8 of Table 4.1) a 

closed 100p hydrau1ic testing (MTS system) was used. The test beams 

were supported 1atera11y at three locations using lateral brace 

mechanism. The spreader beam was a1so 1atera11y supported at center

line (see Figures 4.1, 4.2 and 4.3) . 

4.1.2 Instrumentation 

Instrumentation consisted of wire displacement transducers, calipers, 

strain gages, and instrumented b01ts. For all the tests a HP349A data 

acquisition/control unit was used with a HP85 desk top computer to collect 

and record the data. One wire displacement transducer was attached to 

the end-plate to measure the vertical def1ection, two more were attached 

on the top and the bottom f1ange of the test beam to measure the lateral 

displacement close to the end-plate. Calipers were used to measure the 

end-plate separation at the tension flange. One of the calipers was 

placed at the centerline of the plate while the others were attached to 

the edges. 
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Strain gages were used to measure the strain in the web and 

flange. In the first set of tests, (one-row bolts) strain gages were 

placed at two cross-sections 2 in. and 16 in. from the face of the end 

plate. 

4.1 .3 Loading Procedure 

At the beginning of each test the specimen was loaded to approxi

mately 20S of the expected maximum load to check the test set up and 

instrumentation. Load versus beam deflection and load versus end-plate 

separation curves were plotted simultaneously using an HP7470A graphic 

plotter. The specimen was then unloaded and in i tial readings recorded 

at zero load . 

The first two sets conducted (Fl-3/4-1/2-16 and Fl-3/4-3/8-16) 

were loaded continuously in approximately 2 kips increments to failure 

and then unloaded . Data was recorded at every load level using the 

data acquisition system. For all the other tests that were loaded 

using the hydraulic ram, the specimens were loaded to approximately 

2/3 of the expected failure load at varying increments depending on 

the expected failure load of each test. The specimens were then 

unloaded at increments 5 kips or more to a load of 2 or 5 kips, taking 

readings at every step while unloading. The load was then increased 

to the previous load, and then increased 5 to lOS. For the tests that 

were loaded using closed loop hydraulic testing system, the test beams 

were deformed to preselected vertical deflection instead of a particular 

load. The load required to impose the deflection was obtained by the 

internal load cell of the system. lhe vertical deflection was controlled 
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by the actuator of the closed loop hydraulic system. The same cyclic 

pattern of loading was used and the data was recorded using the same 

data acquisition system. 

4.2 Comparison of Analytical and Experimental Results 

As mentioned before. eight specimens were tested in this study. 

Four of these were conducted using a 16 in. deep beam. two tests were 

conducted using a 10 in. deep beam. and two others using a 24 in. deep 

beam. The moment versus end-plate separation and moment versus bolt 

force plots obtained from experimental tests and finite element results 

were compared. These results were also compared with corresponding 

values obtained from the prediction equations (Equation (3.6.11) and 

(3 .6.12) of Chapter III). 

Table 4.2 illustrates the strength data of the connection. In this 

table the maximum applied moments from experimental test specimens. finite 

element analysis and prediction equation are compared for all the eight 

test specimens . The maximum predicted applied moment is calculated based 

on prediction equation (3.6.11) by solving the equation for moment and 

setting maximum end-plate separation at 0.01 in. (as discussed in 

Section 5.2 of Chapter V). In Table 4.2 two values are reported for 

experimental maximum applied moment: the ultimate (failure moment) and 

the moment resulting for an end-plate separation equal to 0.01 in . In the 

yield line study conducted by Srouji(2). the failure in the connection 

was defined as the moment which results in sufficient yield lines in 

the end-plate so as to result in a collapse mechanism in the end-plate. 

So the ultimate moment carrying capacity of the end-plate was determined 
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Test 
No. 

(1 ) 

1 

2 

3 

4 

5 

6 

7 

8 

• 

Test 

• • • • 
Table 4.2 

Comparison of Maximum Applied Moment Between 

Experimental, F.E.fl . , Predicted and Yield Line 

Maximum Applied Moments 
ft-kijlsl 

Experimental 

• • 

Ratios 

Designation At 0.01 in. F . E.M~ Predicted" Yield Line F .E.M. Predicted 
Ultimate Separation EXP· EXP· 

(2) (3) (4) (5) (6 ) (7) (B) (9 ) 

F-3/4-1/2-16 92.50 54.0 67.73 64.40 90.12 1.25 1. 19 

F-3/4-3/B-16 53.96 40.0 41.26 46.47 54 .33 1.03 1.16 

F-5/B-l/2-16 77 .OB 52.0 6B.77 40.7B 80.04 1.32 0.7B 

F-5/B-3/B-16 64.75 52.0 55.02 50.19 62.02 1.06 0.97 

F-5/B-l/2-10 39.47 21.5 25.2 22.30 3B.36 1. 17 1.04 

F-5/B-3/8-10 33.92 24.67 31.67 23.0 31 .30 1.28 0. 93 

F-3/4-1/2-24A 120.2 98.0 122.30 92.46 145 .2 1.24 0.94 

F-3/4-1/2-24B 154.2 110.0 122.30 130.0 164.5 1.11 1. lB 

* These are for partial 3-D Mesh III (refer to Section 2.3 of Chapter II) 

** M calculated from Equation (3.6 . 12) of Chapter rIr using (6}max = 0.01 in . 

• 

Predicted 
F . LM . 

( 10) 

0.95 

0.B5 

0.60 

0.91 

0.73 

O.BB 

0.63 

0.88 

• ( 00 
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which was used to compute the end-plate thickness. To compare the yield

line analysis results with experimental results. the tests were continued 

till sufficient yielding occurred in the end-plate so as to result in a 

yield mechanism. This maximum moment recorded in the experiments is 

tabulated as "ultimate" in Table 4.2. On the other hand. in the finite 

element analysis. the failure of the end-plate due to yielding is taken 

to occur when the maximum effective strain in an element. computed from 

Von Mises yield criterion. becomes greater or equal to 12 times the 

yield strain for the material. As discussed in Section 5.2 of Chapter V. 

based on the partial 3-D finite element analyses of the eight test 

specimens. it was seen that a failure of the end-plate occurs when 

separation is between 0.0087 in. to 0.01407 in .• giving an average value 

of about 0.01 in. 

Column 6 of Table 4.2 gives the ratio between the maximum applied 

moment obtained from finite element analysis and the experimental values 

based on 0.01 in. end-plate separation. This ratio varies from 1.03 to 

1.32 indicating the difference between finite element analysis and 

experimental to be within +3% to +32%. Column 7 of Table 4.2 gives the 

ratio between maximum applied moment using the prediction Equation (3.6.11) 

and the experimental value based on 0.01 in. end-plate separation differ 

by -22% to +19% (negative implying lesser predicted value) . Column 8 

of Table 4.2 gives the ratio between predicted maximum applied moment 

and maximum applied moment based on finite element results. These 

ratios indicate how close the predicted values are to the finite element 

values. Differences lie within -5% to +17%. except for t es t numbers 

3 and 7 for which the difference increases to -40% and - 37%. respect i vely . 
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This value shows that a value of (6)max=0.01 in. is too conservative 

for test numbers 3 and 7. 

As was mentioned before, based on the partial 3-D finite element 

analyses of eight test specimens, the maximum end-plate separation, 

(6)max' obtained at failure varied from 0.0087 in. to 0.014A in. In 

Table 4.3, the values of maximum moment obtained from analytical and 

experimental results. corresponding to the value of (6)max for each 

test specimen. are compared. In this table. Column 7 gives the ratio 

between the maximum moment from finite element analyses and experimental 

values. It can be seen that differences between finite element and 

experimental results lies within the range +6% to +30%. Column 8 gives 

the ratio between predicted maximum moment and experimental values. It 

can be seen that the difference between predicted and experimental results 

lies within the range -5% to +20%. Column 9 gives the ratio of predicted 

maximum applied moment and finite element result. It should be noted that 

by using more realistic (6}max value for test numbers 3 and 7, the difference 

between predicted and finite element results is decreased to +26% and 20%, 

respectively. from 40% and 37%. respectively. as shown in Table 4.2. 

In Figures B.l through B.8 of Appendix B. the moment versus maximum 

end-plate separation obtained from the eight test specimens are compared 

with the results of the 2-D finite element analyses. These plots indicate 

a good correlation at lower load levels (10% to 15% difference between 2-D 

finite element and experimental results). whereas at failure the 2-0 finite 

element results deviate significantly from the experimental results (difference 

varies between 50% to 60%). This is because in the 2-0 finite element model. 

the transverse variation of deformations and stresses of the end-plate 
-109-



• 

, .... .... 
o , 

• 

Test 
No. 

( 1 ) 

1 

2 

3 

4 

5 

6 

7 

8 

• 

Test 
Designation 

(2) 

F-3/4-l/2-l6 

F-3/4-3/8-l6 

F-5/8-l/2-l6 

F-5/B-3/8-l6 

F-5/8-3/8-l0 

F-5/8-l/2-l0 

F-3/4-l/2-24A 

F-3/4-l/2-248 

• • • • 

Table 4.3 

Comparison of Maximum Applied Moment Between 

Experimental. Finite Element and Predicted Values 

for Maximum End-Plate Separation 

Maximum Applled Moment 

• 

(ft-kips) Ratios 
6max Lxper~- F .E.M. ~redicted 

(~~) ) 
mental F .E.M. Predicted Experimental Experimental 

(4) (5) (6) (7) ~I!l 

0.0120 59.0 67.73 71.00 1.14 1.20 

0.0094 39.0 41 .26 44 .00 1.06 1. 12 

0.01467 54.0 68.77 54.00 1.27 1.00 

0.0116 52.0 55.02 56.00 1.06 1.07 

0.0087 21.0 25.2 20.00 1.20 0.95 

0.0095 24 . 19 31.67 28.84 1.30 1.19 

0.01152 99 .0 122.30 102.00 1.23 1.03 

0.010 111.00 122 . 30 130.00 1.10 1.17 

• • • 

Predicted 
F .E.M. 
~91 

0.95 

0.94 

1.27 

0.93 

1.26 

1.10 

1.20 

0.94 
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cannot be represented. To correct for this a scaling factor (=1.5) was 

developed in Section 2.5 of Chapter II, which when applied to the failure 

load of the 2-D finite element model results gives more realistic results 

closer to both partial 3-D finite element model results and experimental 

results. The plots obtained after applying the scaling factor are shown 

in Figures C.7 through C.14 in Appendix C. The maximum difference between 

the experimental and modified 2-D finite element results now varies between 

1% to 18% at the various load levels for the eight test cases. 

In Figures B.9 through B.16 of Appendix B, the moment versus bolt 

force plots obtained for the eight test specimens are compared with the 

results of 2-D finite elemen~ analyses. From these figures it can be 

seen that good correlation is obtained between experimental and analytical 

results, with a difference of less than 20%. This shows that the 2-D 

finite element model predicts the bolt force behavior reasonably well 

for the flush-end-plate connection. 

Figures C.l through C.6 of Appendix C shows comparison of the experi

mental and the 2-D, partial 3-D Mesh-I, Partial 3-D Mesh-II, and Partial 

3-D Mesh III finite element results for test specimens designated as 

F-3/4-1/2-16 and F-3/4-1/2-24A. Comparisons are shown only for these 

two tests, similar results were obtained for the remaining six tests also. 

These plots indicate that the best finite element mesh, which best represents 

the true behavior of the connection for end-plate separation, is the partial 

3-D Mesh III (see Figures C.3 and C.4 of Appendix C) and results obtained by 

this model differ from experimental observed values by 2% to 15% at different 

load levels. Figures C.l of Appendix C shows that the Partial 3-D Mesh-I 

and ~'esh-II do not give good correlation between analytical and experimental 
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results for end-plate separation. The end-plate separation obtained by 

finite element analysis and experimental results at any load level differ 

by more than 60% and 35% for the partial 3-0 Mesh-I and Partial 3-0 Mesh-II, 

respecti vely. Figures C.2, C.5, and C.6 of Appendix C show that moment 

versus bolt force plots for the 2-0 model, partial 3-0 models, and experi

mental results compare well (difference between analytical and experimental 

values at various load levels varying between 5% to 20%). 

Figures 0.1 through D.S of Appendix 0 shows comparison of the experi

mental and prediction equation results for moment versus maximum end-plate 

separation. The prediction Equation (3.6.11), which was developed in 

Chapter III, is used. Figures 0.9 through 0.16 of Appendix 0 shows com

parison of the experimental and the prediction equation results for moment 

versus bolt force. The prediction equation, Equation (3.6.12), which was 

developed in Chapter III, is used. From these figures it can be concluded 

that the difference between prediction equation and experimental results 

for end-plate separation and bolt force varied between 1% to 21 % and 1% 

to 18%, respectively, at various load levels. 
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CHAPTER V 

PROPOSED DESIGN METHODOLOGY 

5.1 Introduction 

The prediction equations obtained by regressing the finite ele

ment results of the fifty 2-D cases with application of a suitable cor-

recti on factor to account for 3-D effects have been shown to adequately 

explain the behavior of typical "flush" end-plate connections. These 

equations predict maximum end-plate separation and force in the tension 

bolts. The maximum end-plate separation prediction equation is used in 

Section 5.2 to develop an equation to compute the end-plate thickness. 

Further, in Section 5.3 an analytical equation is also developed to 

predict the maximum tensile force in the web of the beam. A design 

procedure is explained in Section 5.4. Finally a design example is 

presented in Section 5.5. 

5.2 Development of Design Equations for the End-Plate 

To develop a design equation, Equation (3.6.12) of Chapter III, 

is solved for plate thickness, t p' for a known value of the allowable 

maximum end-plate separation (6)max. The maximum end-plate separation 

defined in Equation (3.6.12) is obtained from the 2-D finite element 

analyses and is not a true representation of the 3-D behavior of the 
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end-plate. However, the partial 3-D finite element model, presented in 

Section 2.3 of Chapter II, is seen to give acceptable results for maxi

mum end-plate separation (also refer to Appendix C). As was shown in 

Section 2.6 of Chapter II, at failure the relationship between maximum 

end-plate separation for a typical 2-D and partial 3-D model is as 

follows: 

(5.2.1) 

(5.2 .2) 

Substituting Equation (5.2.2) into Equation (3.6.12), results in 

( . ... 120_lO • • . 336 t 7.620' f -6 .932 ... -0 . 501 'f -0 .031 ~ 2. llS "- -0.849. -O, ~I9. 3 J O~J 
- -_. (el (T-l (,..-1 (.....-1 (-.1 (....,-1 ( .,. I ( b I (f I I lSi 

1. 5 .....- V.l ("I 

Solving Equation (5.2.3) for end-plate thickness, gives 

t • 
p 

1.447 
(p

f
) 

---'Or. '''50''''--'['. O~SO"'--O".""32"'5-"'O-', 0""2S - ""0"", STlSlr-..,O'"'. S"ST'[ - .... 0 .'14"1- (K) 
(''''~D_1D(h) (t,.) (t f ) (~) (9b) (bp) 

(5.2.3) 

0.88\ 

(5.2.4) 

All variables appearing in Equations (5.2_4) were defined in Section 3.2 

of Chapter III. However, the variable gb is redefined as follows: 

A F 
9 • (_1 ) (_6_) (~ ) 
b 3 db F yb 

(5.2.5) 

where AB s area of beam cross-section, db = bolt area, Fby = yield stress 

~f beam material, and Fyb s yield stress of bolt material. Hence, the 

maximum end-plate separation (6max )20-30 appearing in Equation (5.2.4) 

will simply be called (6)max' For th'e eight laboratory test specimens 

using the partial 3D finite element model (refer to Section 4.1 of 
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Chapter IV), it was seen that (6)max varied from 0.0087 to 0.0147 in. So 

if the designer can establish a limit on the maximum allowable end-plate 

separation, then Equation (5 .2. 4) can be used to compute the plate thick-

ness required. However, if such information is not available then based 

on laboratory test and finite element results, it is proposed that a con

servative value of 6max = 0.01 in. be adopted. Substituting (6)max % 

0.01 in. into Equation (5.2.3), gives the following equation : 

1.447 
(Pr) 0 .88\ t, . 0. 115526 \.050 0 3ZS (M) 

Ih) It ). It )0 .024 0.551 0 .337 0 . 141 
.. r (~) (gb) Ibp) 

(5.2 .6) 

The behavior characteristic of steel connections can also be 

represented by its moment-rotation (M-a) relationship. The degree of 

rigidity of a moment-connection can be also chosen as a design crite-

rion to design the connection. The rotation, a , of the flush end-plate 

connection at any load can be found from the following expression: 

(5.2.7) 

Substituting Equation (5.2.3) into Equation (5.2.7), gives 

(5.2.8) 

where 

C=(0.000359) 2.616 0.501 0.038 0.849 0.519 0.218 1.539 
(h) (tw) (tf ) (db) (gh) (b p) (tp) 

(5.2.9) 

is a coefficient dependent on the end.p1ate thickness, beam dimensions, 

bolt diameter and pitch of the tension bolt. The value of n for the 

-115-



• 

• 

• 

,. 

• 

• 

• 

• 

• 

• 

single bolt row flush end-plate is found to be equal to 1. 356 (refer to 

Equation (5.2.3)). Equation (5.2 . 8) represents the moment-rotation re

lationship for -this particular connection. Generally, to represent this 

relationship graphically, e is measured on the horizontal axis and M on 

the vertical axis, as shown in Figure 5. 1, with the equation of the curve 

taken as 

M = C' 81/n (5.2.10) 

where C' = l/C. This curve is called the "connection curve". For the 

flush end-plate connection, this curve is nonlinear and is close to 

linear for small loads, but flattens out at larger loads. A "perfectly 

rigid" connection is a connection with no relative rotation between the 

two connected parts. The connection curve coincides with the M-axis. 

For a "perfectly flexible" or pinned connection, the connection curve 

coincides with 8 axis. However, for all practical or real connections 

the curves are between the two axes, as shown in Figure 5. 1. 

A typical flush end-plate connection is not perfectly rigid and 

the restraining moment at the beam end is less than the fixed end moment. 

This reduced moment capacity, Mc (see Figure 5.1), and the actual rota

tion, 8c ' depends not only on the end-plate configuration but also on the 

beam dimensions. The interaction between the two can be found by plot

ting the beam line and connection curve as shown in Figure 5.1. In this 

figure the intercept 8s represents the simple beam end rotation under the 

specified loading and the intercept Mf represents the fixed-end moment at 

the beam end and under the same loadihg. For a beam of span, L, with 

uniformly distributed loading, w, 
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as z wl 3/{24EI} 

Mf Z wl2/12 

{5.2.11} 

{5.2.12} 

The "dOegree of rigidity", Cl r ' of the connection is defined as 

Cl r " McfM f {5.2.13} 

Similarly the "degree of flexibil ity", Qf' for the connection can be de

fined as 

{5 .2.14} 

From similar triangles of the beam line, the following is concluded: 

= 1 {5.2.15} 

For other than "perfectly rigid" connections, the connection can be de

signed by either computing iteratively Mc and ac as the intersection val

ues of the beam line and the connection M-a curve for a given loading or 

by taking a certain total rigidity, Qr' For example Qr = 009, i.e., by 

taking total rigidity of 90% or total flexibility of 10%. In the former 

approach the connection geometry must be assumed to start the design 

process. In the latter approach, a value for total rigidity, Qr' {or 

for Qf} must be assumed. A 90% value for Qr is recommended by 

McGui re {26} . 

In Section 5.4, a design methodology is developed assuming that 

the connection resisting moment is known. 

5.3 Development of an Equation to Predict Tensile Force in Web 

In this section an equation is developed to predict the maximum 

tensile force in the web of the beam utilizing stress plots along the 
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beam depth as obtained from 2-D finite element analyses. Fi gures 5.2 

through 5.5 show the variation of normal stress across the beam depth 

in the beam web for different load levels (shown as Ll, L2, L3, etc . ) 

for four selected cases. Each case was analyzed for a different web 

thickness, two Maximum stress occurs at point marked 6 in these fig

ures; points 5 and 7 are adjacent. From Figures 5.2 through 5.5, it 

can be seen that the stress distribution is a pressure bulb around the 

tension bolt under pretension alone. The pressure bulbs increase in 

size with increasing moment . The free edge of the plate remains stress 

free. 

Based on the stress plots shown in Figures 5.2 through 5.5, the 

force in the web corresponding to points 5, 6 and 7 is calculated using 

the following expression : 

(5 .3 . 1 ) 

where Tw c force in the web corresponding to web material volume covered 

by points 5, 6 and 7; 0S, 06 and 07 = stress at points 5, 6 and 7, re

spectively; d1 = distance between points 5 and 6; d2 2 di stance between 

points 6 and 7; and ~ % thickness of the web . The distances d1 and d2 
equal the bolt diameter, i .e., 

(5.3.2 ) 

With the tension force, Tw' and the bolt force, BF, (from a 2-D fin i te 

element analysis), a parameter, ~, is defined as follows: 

(5.3 .3 ) 
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Figure 5.6 shows the plot of web thickness, tw' versus t for 

the four cases. It is seen from this fi9ure that the four points lie 

close to the straight line with the following equation : 

(5.3.4 ) 

Knowing SF and t w' then ~ and Tw can be determined from Equations ( 5.3. 

3 ) and ( 5.3.4), respectively. The procedure is explained in Section 

5.5 for a design example . 

5.4 Recommended Design Methodology 

Using Equations (5.2.6) and (3.6.16) for end-plate thickness 

and bolt force, respectively, and equation (5.2.18) for tensile force 

in the web, a design methodology is developed to design flush end-

plate connections with one row of bolts in the tension region. The 

steps are as follows: 

1. Calculate the beam flange force, Fu' from moment, Mu: 

(5.4.1) 

where Mu is the ultimate moment. For Type 1 connection, if the work-

ing moment, Mw' due 

from (2). 

to working load is known, then Mu can be computed 

(5.4.2) 

where 

Mw = working moment. 

2. Estimate the bolt force, Tu for each bolt from Tu : 

(5.4.3) 

3. Select bolt size using Table I-A of the AISC Manual(13}. 
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4. Select pitch, Pf' and gage, g. The selected pitch and gage 

must be within ranges in Table 3.1. The pitch, Pf' can be computed 

from the following equation (see page 4-111 of Reference 13); 

(5 .4.4) 

where db = nominal bolt diameter amd t f = flange thickness. All units 

are in inches . 

5. Calculate gb (width of equivalent bolt area i n the 2-D fi

nite element model) from Equation (5 .2.5), which is repeated here : 

A F 
9 ~ 1 (B) (~) 
b3i1b~ 

(5 .4.5) 

where Ab : area of beam cross-section, db = bolt diameter, Fby : yield 

stress of beam material and Fyb ~ yield stress of bolt material. 

6. Using the limiting deflection criterion of (6)max • 0.01 in., 

compute the required end-plate thickness from Equation (5 .2. 6), which is 

repeated here : 

1.447 

tp ~ (0.115526) 
(Pf) (M)0.B81 

(h)'·050(t )0.325(t )0.024(d )0 .551( )0. 337(b )0 .141 
w f b gb p 

(5.4 .6) 

In Equation (5.4.6) the unit of all geometric variables i s i nches and 

the unit of moment, M, is kips-ft . 

7. Select a practical end-plate thickness greater t han or equal 

to the end-plate thickness calculated in Step 6. 

8. For the selected end-plate thickness, compute the bol t force, 

SF' from Equation (3.6 .13) which can be rearranged as follows: 
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(5.4.7) 

where PT = pretension force in the bolt from page 5-59 of Reference 13. 

9. If the bolt force determined in Step 8 is less than or 

equal to the capacity of the bolt selected in Step 3. then the bolt 

size selected is acceptable. If not. choose a larger bolt diameter and 

repeat Steps 4 to 8. 

10. Check tensile force in the web adjacent to bolt as follows: 

(i) Calculate the ratio ••• of percentage of maximum tensile 

force to bolt force uSing Equation (5 . 3.4) . 

• = 1.03 ~ (5.4.8) 

(ii) Calculate the maximum tensile force. Tw' in the web using 

T = ~B w ... F (5 . 4.9) 

(iii) Calculate the tensile capacity of the web using the fo1-

lowing equation: 

Ta = Fby db tw (5.4.10) 

(iv) If the maximum tensile force Tw in the web calculated is 

less than the allowable tensile force. Ta' for the web. 

then the yield stren9th of the web is adequate. If not, 

select a larger bolt diameter and repeat Steps 4 through 

10. 

5.5 Design Example (Type-I Construction) 

To illustrate the design steps in Section 5.4. calculations are 
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now presented. 

Example: Determine the bolt size and end-plate thickness for 

a flush end-p'late connection with one row of two bolts at the tension 

flange Mu = 50.0 kips-ft., h" 16.0 in., tw = 0.25 in., bp = 6.00 in. 

and t f • 0.25 in. 

Step 1. 

Step 2. 

Step 3. 

Step 4. 

Step 5. 

Calculate flange force (Equation 5.4.1): 

Fu = (50.0 x 12)/(16-0.25) = 38.10 kips 

Calculate required bolt force (Equation 5.4.3): 

T u = 38.10/2.0 " 19.05 kips 

Select 5/8 in. A325 bolts. Working load for this bolt is 

13.5 kips from the AISC Manual (13) 

Se~ect pitch, Pf = 1 3/4 in. and gage, 9 = 3 1/2 in. 

Calculate gb from Equation (5.4.~): 

Step 6. Calculate required tp from equation (5.4.6) 

1.447 
t -0 115526 (1. 756 (50 )O.a. 
p' (16)1.050(0.25)0.325(0.25) .024(0.625)0.551(2.30)0.337(6.0)0.141 

a 0.55 in. 

Step 7. Select t = 5/8 in. p 

Step 8. Calculate bolt force from Equation (5.4.7): 

~0.25)0.049(2.30)0.441(1.75)0.141 (55)2.568 
SF=19.0+(0.1272) (6.0)0. 38(16)2.985(0.25)0.349(6.0)0.023(0.65)2.391 

- 26.81 kips 

Step 9. SF = 26.81 is less than the factored bolt capacity 
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Step 10. 

(a2 X 13.5 = 27.0 kips), therefore the bolt diameter selected 

is adequate . 

Check for yielding in the web . 

(i) Calculate the ratio, ., of percent of maximum tensile 

force to bolt force using Equation (5.4 .8): 

• = (1.03) (0.25) a 0.2575 

(ii) Calculate maximum tensile force in the web using 

Equation (5 .4.9) : 

Tw a (0.2575) (26.81) = 6.90 kips 

(iii) Calculate allowable tensile force in web using 

Equation (5.4.10): 

Ta a (50) (0.625) (0.25) = 7.81 kips 

(iv) Tw is less than allowable tensile force i n the web 

(=7.81 kips). Therefore, the yield strength of the 

bolt is adequate. 

Use .6.0 in. x 5/8 in . plate with two 5/8 in . di ameter 

A325 bolts. 

The end-plate geometry used in the above example i s similar 

to the test specimen F-3/4-1/2-1/16 . However, in this test, a 6 in. 

by 1/2 in. end-plate and 3/4 in. diameter bolts were used. The mea

sured plate separation per side of the connection at 50 kips -ft. was 

approximately 0.01 in. (see Fi gure C.7), which corresponds to the 

values used in the example. If 3/4 in. bolts are used i n the above 

example, the required plate thickness is 0.52 in . Thus, good cor

relation exists with the test data . 
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CHAPTER VI 

SUMMARY, CONCLUSION, ANO RECOMMENOATION 

6.1 Summary 

This study is an attempt to develop a design methodology for the 

flush-end-plate connections with one row of bolts in the tension region. 

The geometric configuration and boundary conditions result in a highly 

indeterminate problem. Thus it was decided to conduct an analytical 

study, modeling the connection as an assemblage of finite elements with 

the objective of developing prediction equations using regression analysis 

of the finite-element results for the connection behavior. 

In modeling, first a 2-D plane stress model passing through plane of 

web and containing 626 nodes, 560 elements, and 1252 d.o.f. was analyzed. 

A length of the beam stub equal to the depth of the beam was chosen as 

adequate for inclusion in the analysis domain. The results of this model 

for end-plate separation was seen to be stiffer in comparison to experi

mental results at higher load levels. Therefore, it was decided to select 

a partial 3-D model to represent the behavior of end-plate. In the partial 

3-D model, the end-plate, bolt head, bolt shank and welds connecting beam 

flanges and web to the end-plate were mod~led with 3-D elements, while the 

web were modeled using 2-D elements. In two of the partial 3-D finite 

element models, the beam flanges were modeled us i ng 2-D elements, while 

in the third one modeling was done using 3-D elements. Comparing the 
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partial 3-D finite element model results with experimental results for 

eight similar experiments it was found that the partial 3-D model with 

the beam f1ange~ modeled using 3-D elements gave results closest to the 

experimental results. At failure, the moment carrying capacity of the 

eight specimens, predicted by the finite element model and experimental 

result varied between 1% and 15%. This partial 3-D model contains 546 

elements, 998 nodes, and 2810 d.o.f. The cpu time for a typical run is 

150 minutes. Because of the cost involved with the analysis of the 

partial 3-~ model. it was not feasible to conduct a parametric study 

based on it. It was decided to use the 2-D model to conduct the para

metric study to develop prediction equations characterizing the behavior 

of a typical f1ush-end-p1ate connection and then apply a correction 

factor to predict the end-plate behavior. 

The computer program "NONEPAP" (Nonlinear End-Plate Analysis Program) 

was used for the finite element analyses. In the program. the effect of 

the stress-strain behavior of the various steel plates is represented as 

elastic - perfectly plastic bilinear behavior and of the bolt material as 

linear elastic behavior. The boundary condition at the back nodes of the 

end-plate are determined by an iterative procedure so that the nodes were 

connected when in compression and discontacted when in tension. To con

sider the inelastic steel behavior in each load cycle, the elastic moduli 

of the yielded element (i.e. when effective strain exceeds yield strain 

for steel) is reset to their second values. 

Information from sufficient cases was developed from the analytical 

study to conduct a feasibility and sensitivity study so as to select 

certain variables from pertinent geometry (end-plate thickness and width 
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bolt pitch, bolt pitch, bolt diameter, beam depth, flange thickness, and 

web thickness), and force (applied moment and pretension force) related 

variables goverrying the connection behavior. The ranges of variables were 

restricted to practical ranges and fifty cases were selected for the study. 

Finite element analyses were carried out for these selected cases and 

results regressed to give prediction equation for maximum end-plate 

separation and force in the tension bolts. The prediction equation 

obtained for the maximum end-plate separation using 2-D finite element 

results was multiplied by a scaling factor to account for the 3-D bending 

behavior of the end-plate . For verification, analytical results were 

compared with experimental laboratory tests and i t was concluded that 

partial 3-D model (Mesh-III) with 998 nodes, 546 elements, and 2810 

d.o . f. best represents the true behavior of the end-plate . Both the 

2-D mesh and the partial 3-D model (Mesh-III) resulted in a good 

correlation between analytical and experimental results for bolt forces, 

therefore, no correlation was needed for the bolt force prediction 

equation from the 2-D model. Also the prediction equations developed 

from the finite element analyses were shown to adequately explain the 

behavior of the flush end-plate moment connection. 

Two different design procedures are recommended . One considers 

limiting the maximum allowable end-plate separation and the other con

siders a specified degree of rigidity for the connection . In the for

mer, it is proposed to limit the end-plate separation to 0.01 i n. In 

the latter, the limiting separation is based on the intersection of the 

connection curve (i.e. moment-rotation curve) and the beam line . The 
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first procedure is suitable for Type I construction and the second for 

Type III construction. 

Based on plots for variation of stress (ax) along the depth of the 

web from the 2-D model results, an analytical equation was developed to 

predict the maximum tensile force in the web as a function of web thick

ness and bolt force. This equation was used to propose a design method 

for the web so that excessive yielding does not occur in the web. 

6.2 Conclusions 

From the analytical model investigation it was concluded that the 

2-D finite element model containing 560 elements, 616 nodes, and 1252 

d.o . f. is suitable for the parametric study if the result of the maximum 

end-plate separation at failure is multiplied by a factor, C=1.5. A 

typical 2-D mesh takes 6 minutes of cpu time. This correction factor was 

determined based on comparison between previously mentioned 2-D and the 

partial 3-~ finite element model results from maximum end-plate deflect ion 

criterion is more conservative than that used in test specimen . 

6.3 Recommendations 

It would be worthwhile to develop a prediction equation for maximum 

tensile force in the web regressing the finite element results of all the 

cases selected. The study conducted was limited to Grade 50 steel and 

A325 bolts. It may also be worthwhile to vary the grade of steel and see 

how it effects the results. 
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NOMENCLATURE 

AS • area of the beam cross-section 

~ • gross area of the bolt 

Abe· equivalent area of one row {zonel of bolts 

bp • end-plate width 

c • ratio of the three dimensional plate separation to two-

dimensional plate separation at failure 

~ • bolt diameter 

de • edge distance 

dh • bolt head diameter 

dh
l • equivalent bolt head diameter 

E • Young's modulus of elasticity 

Es • Secont modulus 

F • flange force per bolt 

Fbf • effective stress on top fiber 

Fby • yield stress of beam material 

Fbu • ultimate stress of the bolt 

Fpy • yield stress of plate material 

Ft • tensile strength of bolt material 

Fyb 2 yield strength of bolt mate:ial 

Fu • factored beam flange force = Mu/lh-tfl 
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g • gage distance between bolts 

gb • width of rectangular bolt zone in two~dimensiona1 model 
. . 

h • beam depth 

ht • bolt head thickness 

IS • moment of inertia 

Ip • moment of inertia of end plate cross~section 

L • length of the beam 

Ln • length of the yield line, n 

My • yield moment of the beam cross~section 

Mp • plastic moment of the beam cross-section 

Pf· pitch measured from top of flange to centerline of bolt row 

Pp • bolt proof load 

PT • pretension of bolt 

Q • prying force 

RS • radius of gyration of beam cross section 

SF • scaling factor = E 
~ 

t f • beam flange thickness 

Ta = maximum yield capacity of the beam web 

tp • end~plate thickness 

Tu • factored bolt force 

Tw • maximum web tensile force 

Ws • size of the fillet weld connecting the end plate to beam flange 

Wu = ultimate uniform load 

Z • plastic section modulus 
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t • end-plate separation 

Ealmax • maximum separation in the end-plate 

(6max)2D~3D • ma¥imum end~p1ate separation obtained from partial 3~D models 

E1' E2' E3 z principal strains 

Eeff = effective strain 

Ey • yield strain 

EU • ultimate strain 

ac E connection rotation 

amax = maximum beam and rotation 

as • equivalent simple beam end~rotation 

v = Poisson's ratio 

ni • dependent or independent dimensionless parameter used for 

regression analysis 

01,02,03· prinicipa1 stress 

, = percentage of the ratio of maximum web tensile force to bolt 

force 
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APPENDIX B 

COMPARISON OF TWO-DIMENSIONAL 
AND EXPERIMENTAL RESULTS 
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0.v26236 
I) .v0041:? 
C· .VOO88t. 
v.001525 
0.002183 
0.002862 
0.00371!'i 
V I \')(\ 1 9~5 
0.003963 
(I • "')6~~~ 
Ij • OOG!'i~ I . 

I). ('1vB30 
0.01670:
..:>. \)(/1239 
0.00~'7 ~ 

0.005870 
(1.008434 
v.Ol1v37 
(,.v i314~ 

0.00:1131 
O. v043S< 
(" i)07177 

SF 

19.000 
'~' . ) 30 
J9. 77~ 
2'·'.4'::0 
:11.:?80 
::.880 
19. i,5O 
V ·.2'0 
19.nov 
20eOOO 
2:.1)70 
::3.~('"I(j 

19.0i/0 
~ ':'. c;70 
:10.5"0 
_2.or..o 
24.900 
27. j OV 
19.000 
1<>.040 
:!0.800 
23.800 
~.4~.o 
21:s, 630 
19.100 
1°.310 
20.~:!O 
21.200 
22.230 
24.280 
19.VVO 
19. i 30 
l?B50 
20.~ov 
21. 280 
23.8Bv 
19.000 
l(\e ~ OS 

20.66/) 
21.!'i30 
23.340 
~!"i.07'Ci 
39.080 
39. ~5(' 
40. BC .. ·· 



• 

, .. io: i).!'5~.o V.04? O.OS3 2.222 \) . 194 v.v099B2 '12.360, • v: ic)? 0,~50 0, C'4'::> (·.083 2.22: () .194 0.014636 44.200 
') .10; v.~~t6 v :v49 O.V83 2.222 v.194 \').01B120 47.770 
O.O!"iV ().U:! 0.010 0.018 1.000 0.087 0.000608 39.000 
i) . v~) 0.112 O. ,.)10 O.01B 1.000 O. \187 v.Ovlutl3 39.000 
V .O~.(j v.H2 ().010 ilo018 1.0(,?) 0.087 0.OIi3008 41.550 
V . ~O v.112 v.vl0 v.vlB LOOO 0.OS7 O. O\,)437~ 43.E'6 

• \j, O~..v 0.11? 0,010 0.018 IJJOIj ().087 0.V065V~ 47.~80 
\).~) 0.112 0.010 0.vl0 1.0\)(' O.OS7 o -'''v841!'j ~1. 090 
0.167 0.4+11 0.082 0.083 2.222 0.194 0.001068 3°.130 
v.l07 v." .... \'). v82 0.083 2.222 O.19t1 V.OV2280 39.460 
v.167 0.444 0.(,J8~ 0.083 2.222 0.194 0.00376~ 40.750 
v.J.n7 0."41 0.082 0.083 ~.222 0.1 <;>4 0.OO!'j3~1 42.400 

• ().10" 0.1441 r...OO2 0.083 2.222 0.194 0.00693<;> 44.040 
0.167 0 ....... v.082 0.093 2.222 O,1~4 O. iX')c:>!"i10 46.<;>40 
(). (\0..'\ 0.1 !:.(j 0.02~ () 1 018 1.00() 0.('87 0.00070 ;- 39.010 
('.0 .... 1 0.1~ 0.(,22 0.\)18 1.0w 0.087 0.001860 39.700 
Ii. (":"'1 O. 1!'iV 0.022 0.010 1.000 O. C'87 0.0031°4 41.030 
v.v03 V.1SO v.022 v.018 1.iJOO 0.087 o . \,)O4!'527 42.376 
0.0< ... 1 0.1~· v_u22 0.01f1 i. .000 0.087 0.00653l 4",.(·5(.0 • V.06~ O.l!'50 0.v22 v.(>l8 1.VOO 0.v87 o • v\')8271 '19.700 
O. 1\J.t1 0.4J.7 0.017 O.03() ~.667 0.12;'; O.Ov248C· 26,(,(10 
(,.10'1 v.'Ili v.017 0.030 2.667 1').125 v.005040 ~.156 
0.104 1;.417 0.Oi7 0.010 2.e67 ().12;'; 0.0·)79-C ~8. 97() 
Od04 v.417 I'). \')17 I). \)30 2.667 ...... l~ ,,). vl0918 :?9.790 
O,lv'l 0.417 () . 017 0.('30 ~.667 O.12:=i 0.017228 31.120 • 0.104 0.417 0.017 0.030 2.667 O.12!'j V.0211=32 33.30(, 
Ij.139 0.250 0.04<:' 0.111 2.222 0.194 0.000416 3'7.130 
(,.139 0.250 0.049 0.111 2.222 0.194 V.OOO973 39.500 
ilo 139 v.2SV (}.04<:' 0.111 2.22:! 0.194 0.002031 41.640 
1).139 V.~O 0.049 0.111 :2.222 0 : 1 '74 o .o..)3v8B 13.B30 
i) .1.39 0.2!'iV 0.04'! (10 111 2.222 0.194 0.01)4340 -Ic:..200 • 0.139 O.~ 0.049 0.111 2.222 0.194 V.OO~744 ~N. 7BO 
0.125 0.333 0.020 i). 063 1.667 O. ),46 0.OO200:=; 30 .000 
v.l2:i 0.333 0.020 0.063 1.667 0.146 0.004898 40.420 
U .125 0.333 0.020 0.003 1.667 () .146 0.008000 <12. :WO 
I). !25 \).33.., V.020 0.063 '1.667 I) .146 0.012'"i71 i7.010 
v , 125 0.3..~1 0.0:;:0 0.06.3 1.667 0.146 0.018-:34 ~3.31() - . -:>= 1).33=3 0.020 0.v63 1.667 \').146 0.025033 ~9.640 • V'1 ...... 4 
0.16;: 0.33..1 0.082 0.111 2.222 (10 194 ().00064'" 3<:' .l80 
v.167 0.3:33 0.092 0.111 2.222 0.194 v.001468 39.670 
U .107 0.333 0.082 0.111 211222 0.194 0.00268- 41. 700 (,.io' 0.333 I) .082 v.1ll :!.222 v.194 0.003931 43.840 
0.16: 0.3..~1 0.082 0.111 2.222 0.194 0.00541 0 46.93(· 

• 0.107 0.33:5 0.082 v.111 2.222 0.194 1".007268 !'i1.090 

-192-

• 



• 
0 . 10/ 0.556 0.082 O.O·W 3.5~6 ~).167 Ool)01036 28.160 

• f/d67 0 , 5:.-.0 0.082 0.040 3.556 0.167 0.0021i.~ 28.420 
,).10'7 O.~~6 0.082 0.0<\0 3.556 ~).167 0.003377 29.100 
v.107 (It 550 ,i.082 0.04(, 3.55() ().107 0.004701 3.'.3 ... .,0 
,).16"7 Vt~SO 0.082 0.040 3.556 0.167 0.006026 31.~OO 
(j.167 0.550 0.082 0.040 3.556 f).167 0.0075~3 33.570 
0 • .i.~9 0.250 V.022 0.083 3.S56 0.167 0.000612 28. ~)!'.iO 
0.139 0.2!"")(j 0,(12" 0.083 3.:S~6 0.167 0.OOl~49 28.790 • 0.1.39 O.~OO O. i)22 0.083 3.5~6 0.167 0.002827 30.310 
v.139 0.250 0.022 0.083 3.556 0.167 0.00426~ 3:. ~~'" 
'/0 1~9 O.~,o 0.022 0.083 3.~56 ~) .167 0.OO!'i921 35.710 
1/.139 0.2~ Cit 02.? 0.003 3.556 0.167 0.007547 39.164 
(" .i.( .... 0.333 0.061 ~). 083 1.667 0.146 o .~)01764 39.240 
0.101 0.3~3 ,i.061 0.083 1.667 0.1. 46 0.OO39:"i:' 41.:590 

• v.1v4 0.333 ,).\)61 0.083 1.667 0.1 <\6 0.006:U3 44.840 
O. 1 CI"\ 0.333 0.061 0.083 1.667 0.146 0.01)9217 4<?080 
v.104 .).333 0 ,061 0.083 1.667 0.146 0.v13214 !'i5.470 
O,lC><+ 0.33..1 li.061 () .OEl3 1.667 Ii. 1.46 0.016873 6:.270 
('.')63 i)'15O 0.012 ~). 018 1.600 0.087 0.O~)0926 39.0~ 
O. ()o..1 0.1!'5V 0.012 0 . 018 1.600 0.087 0.002243 3c· .8~ 

• i\. ('63 0.l!'.10 0.012 ,) .018 1.600 ,). ,iB7 0.OIi3823 41.210-
O. ('103 O.l~.v 0.012 o ,ilHI 1.600 O.087 O.Ou558~ 42.930 
0.063 o ,1~oO v,012 v,018 1.600 0.,)87 ,). i/07672 46. 760 
0.003 0.150 C·.012 0.018 1.60O 0.087 0.00970:' :=;C'. ~60 
o. \')0:; o • .l.i.2 0.022 0.038 1.00,) 0.112 v.0003!'j7 !'j6' 140 
0.063 O. 11::1 0.022 iJ.038 1.000 i).112 0.001223 58.440 

• 0.v63 v.112 v.022 0.038 1.000 0.112 0.002389 62.\)70 
.).063 · 0.112 0.{\2::! 0.038 1.0v() ().112 0.003631 66.360 
·).vo3 f) •. ~ 12 0.022 O.V38 1. ,)00 ,) .112 0.005350 7~.~VO 
I/.vo..1 0.112 0 . ()22 1),038 1. .OO() iJo 112 0.007138 84."'70 
').l67 O.~44 ,) .022 ,).111 3.~S6 v.l?4 0.002246 39.000 
(,.167 0 ...... 0.022 0.111 3.!5~,6 0.194 0.00::'004 40.210 

• ~.., .167 \). "44 0.022 0.111 3.~56 0.194 0.008215 42.400 
0.1a7 0 •• +1 O.02? 0.111 3.556 0.194 0.012743 4~. 3(,0 
0..l.67 v.444 0.022 0.111 3.~!)6 v.l?4 0.018824 :';1.280 
v.167 0.4 • ., v.022 o.ll!. 3.556 (1.194 0.024193 :'6.940 
o .\)7!'i \) .1~.o \).037 0.038 1.0OV 0.112 0.000684 !'j6.160 
r,·.07;:O; 0.1~ (·.037 0.0:;8 1.0iJ() 0.1.12 0.001881 58.470 
(1.0,75 o • .i.~ 0.()37 0.038 1 • ,)00 v.112 0.003297 61.7·\0 • u.075 (·.150 0.C·37 0.038 1.0')0 <i .112 0.0('4938 0".3 :' 0 
(I. ()7~ 0.150 0.037 0.038 1.000 .) .112 0.i)067~4 75.:?24 
)J.0:'5 'Io 1;)(j Ii.03: 0.03tl 1. OliO (1.112 0.OO940f. 84.200 
0. l ?4 O. ~::i6 0.049 0.111 3.~56 0 .222 0.001938 :';1. ... '90 
~ .1.94\ O.~"'; 0.049 0.111 3.5~() 0.222 iJ. 0()40v~ ~ ~ ,380 

).194 O.5~.o O.V49 O.lil 3.~!)6 0.222 0.006522 !'i3.00('l • -193-
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• 
0.194 \).~~ 0.049 v.111 3.!1~6 \>.222 O.OO91BO ";5.130 
v.19-4 0.~50 0.049 0.111 3.~56 0.222 0.011818 56,720 • 0.1 9'1 O.~,o 0.0 .. 9 0.111 3.!=j~6 0.222 0.017031 60.490 
,j.l07 0.333 0.('37 0.030 4.000 0.146 0.000570 39.IX-'0 
0.167 0.333 0.037 0.030 4.000 0.146 0.001298 '? .160 
\j.1a:~· 0.33..1 0.037 0.030 4.00(/ 0.146 0.002043 3c .45v .) .107 0.333 0.v37 0.v30 -4.000 \).146 0.003028 40.~40 
Ij .16:: 0.~33 0.,i37 (,.03(, -4.OVC) 0.1-46 0.004013 4l . • 230 • 0.167 0.333 0.037 0.030 4.000 v.146 o • ,'XI!'; 1 08 42.300 
v.10J1 0.-417 v.v~v 0.030 !'i. 01)(, 0.12:; v./)02248 20.0.)0 
0.10.1 0 • .0117 0.020 \/.030 ~.OOO 0.125 0.004507 28.080 
v.1o.. 0.-411 (·.020 (,.03(, ;:;.000 0. 125 0.007080 20 .S30 ,).11)4 0 • .0117 O. \/20 0.03(' ~.OOO 0.125 0.009669 30.170 
v. 10-4 0.-417 V.020 0.030 :5.000 0.12!'i 0.01225(, 31 • :!:O • ').10-1 0.417 0.020 0.030 5.000 0.125 ,).021477 33.400 0.167 0. ~,(j v.002 0.040 !'i. 333 O. I, °4 ().OOOlS:; 3 Q .2 1 u 0.167 O.~.o 0.082 0.040 ~.333 0.1 '14 0.000373 3?670 
0.107 O.~ 0.002 0.040 5.333 0.194 0.000651 40.24v 0.1 .. 7 0.2'"'...0 0,082 0.040 !':.333 v.194 0.00094:" 40.900 
v.ln7 0.25V 0.082 O. (,40 5.333 0.194 0.001413 -4:.420 • v.167 0.2~0 0.082 0.040 !5.3..13 v.l':'4 0.001967 44.060 
0.06.1 0.200 v.012 0.018 ~.400 0.087 0.001812 39.00(.0 
0.06~ 0.200 0.012 ,).018 2.400 ,).087 O. ,)04032 40.000 
0,00.1 O.:?OO 0.012 0.018 '2.400 0.007 0.006478 41.000 
0.063 0.200 0.012 ,).018 2.400 0.087 0.008924 43.200 
v,vo..1 0.200 0.012 ,i.Ol0 2.400 0.087 0.01342!'i 47.870 • 0.063 0.200 0.012 0.018 2.400 0.087 0.019270 ~4.290 
v.139 0.3~3 v.04'? 0.040 6.667 0.194 0.001281 39.1C-o 
0.139 0.333 0.049 v.040 6.667 0.1 '74 0.002643 39.350 
v.139 v.:l33 0.049 (,.040 6.667 0.194 0.00400!' 39.610 0.139 ,).333 v.049 0.040 6.667 ,).194 O.VO::;~2:S 40.3:10 
v.139 0.3.3..1 0.049 v.040 6.667 0.194 0.007158 4' .600 

• v.139 \).333 0.v4'? v,040 6.667 0.1':'4 0.008767 42.840 0.167 O.~~ 0.049 0.040 6.607 0.194 0.(0128) 3" .100 0.167 \). :'S~J6 0.049 0.040 6.667 ,).194 0.,)02643 39.350 
v.167 0.556 0.049 0.040 6.667 () .194 0.00400!' 3°.600 0.167 0.:"~6 0.04'? O.O,ojO 6.667 v.1'?4 V.OO~!525 40.~50 v.167 ().5~ 0.049 " .fl4v 6.667 0.194 0.007158 41. !'i90 ,) .167 v.~~6 0.049 0.040 6.667 0.194 0.008767 42.84(/ • 0.167 0.250 0.049 0.083 !'i.333 0.194 0.000281 3°.130 0.1 .. 7 O.~JO 0.049 0.083 5.33~ 0.194 0.000704 39.~o2 
Ii. i67 O.~ 0.04<:' 0.083 5.'333 0.194 o • 00 13!'i,j 40.840 0.167 o.~o 0.049 ,).083 :...333 0.194 0.0021.017 4~.710 0.107 0.2:50 0.049 li.083 5.333 0.194 0.002944 44.580 0.167 O.~O y.0'i9 0.083 - ~.333 0.194 0.004127 oV'. ~oOO • 
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i).v7!,; v.2oo 1).v10 0.030 1 .6vI') 0.112 1).002190 !'ie.OOO v.07.') (1.200 ().01O 0.038 1.600 (10'112 0.00:0;742 0'·',570 • O.O~ 0.200 0.010 0.038 1.600 0.112 0.009298 65.110 0.015 0.200 0.010 0.038 1.60(· 0.112 0.014606 16.990 /).07:') \1.200 0.010 0.038 1.600 0.112 0.01'7660 80.900 
0.07!3 v.2w 0.010 0.038 1.600 0.112 0.024266 100.171(.0 
O.l~ V. ~.j() 0.020 0.063 4.000 0.167 0.000881 51.000 v.i25 O.T'..JO 0.020 0.063 4.000 (1.167 0.001921 5 .420 • v.12:" o.2""JO 0.020 0.063 '1.000 v.167 \) .003620 53.610 
~).125 0.250 0.020 0.063 4.000 0.167 0.005320 5:'i.8oo 
v.l2!'i O.?..N v.020 0.063 4.000 0.167 0.007563 !'i8.370 
O. i25 Ii. Z"JO 0.02(1 0.063 4.000 0.167 0.009970 63.680 0.125 0.417 0.037 0.v30 S.OOO 0.146 0.001434 39.090 
(/.l.25 v.411 171.037 0.030 ~.ovv 0.146 0.002913 39.280 • \) .12!'i 0.417 0.037 0.030 !'i.OOO 0.146 0.00'148:1 :W.B60 v. J.23 0.417 0.037 0.C·30 :'). (100 0.14/. 0.006232 4) 4.C<N ..., .12!'i 0.417 0.037 0.030 ~ .00\1 I) .146 0.007981 42.~10 0.125 0.4J.7 0.037 0.030 !'i. 000 (1.146 0.009730 43.870 0.167 O.~.o 0.049 0.111 ~.333 0.222 0.000223 !'i1.240 
(/.167 v.~ 0.04'; 0.111 5.333 O.2:!2 0.00061~ 51.750 • 0.107 0.2!50 0.0 .. 9 0.111 S.333 0.222 0.001218 53. 170 0.167 O.~ 0.0"19 0.111 5.333 ().222 0.00207~ ~~,7::;(J 
00167 O.~..N 0.049 0.111 5.333 O.:!2:! 0.\)02931 ~8.3:!O 0.i67 O.~ 171.1)49 0.111 !'i.333 0.222 0.003788 60.9,;0 1).003 0.200 0.010 0.018 3.000 0.087 0.001938 :W.OOO 0.On..1 v.2VV 0.010 0.C·18 3.0()0 0.087 0.00434c 40.120 

• 0.063 0.200 0.010 \1.018 3.000 1).087 0.007154 41.860 0.0.;3 0.200 v.010 0.018 3.000 (1.087 0.01CJ693 44.067 0.063 0.200 v.Ol0 0.019 3.000 1).087 \).014381 48.710 v.003 0.200 0.010 0.010 3.000 0.087 0.017740 53.2GO 0.063 0.112 0.037 0.018 2.400 0.100 0.000283 ~1.145 0.06..1 0.J.12 0.037 ().010 2.40(1 0.100 0.000614 :ril • 42~ .) .,)63 0.1 J.2 0.037 0.018 2.400 0.100 0.001253 :';3.560 • ('.i)6..; iI.112 0.037 0.010 2.400 0.100 0.0(193) :r:~.940 \".063 O • .Ll2 0.0~7 0.018 2.400 \1.100 0.002609 :';8.320 0.063 0.112 iI.037 0.018 2.400 (1.1('10 0.003287 60.700 O.He. 0.333 0.v17 0.083 4.000 0.167 \).000789 ~1 .080 Ii .146 0.333 0.017 0.083 4.000 0.167 0.002030 !;2.:!90 0.1 .. 6 0.333 0.\)17 0.083 4.000 0.167 0.0037712 ~4.880 • (i.1~ 0.~.:t.1 0.017 0.083 4.1')()O rl.167 0.0058(/1 58.060 \).1<i6 0.333 0.017 0.083 4.000 0.167 0.008121 64.730 
v.l~ 0.3.13 0.0J.7 0.083 4,000 0.167 0.010404 70.770 0.194 O.~S6 0.026 00111 6.667 (I, ~2~ 0.002543 ~1.000 i.19<\ v. 5~..o 0.026 0.111 6.667 (1.222 0.005183 :::;~.240 
v.19" ,).~5o 0.026 O. ill 6.667 ').22:! ( •• '/Ofjo09 ~~."'RO • 
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v.19 .. 0.:';56 0.026 (,.111 6.667 0.222 0.012930 ~~.760 

• 0.1~'I v.55i) 0.026 0.111 6.667 u.222 0.015878 :'8.040 
1).494 O.~:=;6 0.li26 0.111 6.667 v.22:? 0.027876 64.720 
\J.l!,,7 0.~ ,j. ,)82 0.111 ::;.333 0.250 0.000104 56.5(·0 
o .1t.7 O.~,o 0.v82 v.111 :5.333 U.~O 1).000 .. 20 !'i7.3 .. 0 
0.167 v.250 0.082 (·.111 ~.333 O. 2~,o 0.000811 5fI.63v 
0.107 0.2~.o 0.v82 0.111 :';.333 0.250 0.001505 61.940 
0.167 0.25V 0.082 v.111 ~.333 0.250 0.002199 6:'.250 • ~.lo7 0.Z'50 0.082 00111 :';.333 0.250 0.002994 08.560 
v.12~ 0.33.. 0.061 0.030 ~.ooo 0.167 0.000814 51.~2v 
Ool~ v.333 0.061 0.030 ~.VOO 1i.167 0.001714 !'jl.71v 
Ci. l2!) 0.333 0.061 0.030 5.00Ci 0.167 Ci.00Z614 S:!. , 96 
0.12:'1 0.333 0.061 v.v30 ~.OOO v.lo7 ,).003737 !'j4.040 
0.125 0.33:-1 O'()61 0.030 ~. ()()(J (j .167 0.004903 50.140 

• 1).125 0.333 0.v61 v.03V ~.OOO (,.167 0.0009:'i!'j !'i8.760 
" .167 0,'417 Ci.037 0.003 4.000 0.188 0.0018:6 50.1(10 
1).167 0.<417 0.037 0.083 4.0I)() 0.188 0.003929 :oi7 .080 
v.167 0.<417 v.037 0.003 4.000 0.188 0.006544 59.810 
0.167 0.<117 0.037 0.083 4.000 0.lG8 0.0\)9134 62.:'i60 
v.167 0.<417 0.i,37 0.083 4. OliO 0.188 0.01307" 07.580 

• I) .167 0.<417 0.\>37 0.083 4.000 0.188 1).018342 7-\ .660 
v .167 0.2~ 0.04" 0.111 6.667 0.222 o .00('23:! 5 ) .330 
I) .167 v.25.) 0.049 v.l11 6.667 0.222 \>.000641 51.9"i0 
(j.l,~7 O. z.-w 0.049 v.ll1 6.667 0,222 0.00129~ 53. 770 
0016' 0.2!'iO 0.0oi9 0.111 6.667 0.222 0.002164 :oi6.700 
v.167 0.25U 0.049 0.111 6.667 0.222 0.003v32 ~o.o2v 

• 0.16i 0.2'50 0.049 0.111 6.667 v.222 O. ()04270 63.070 
ilo 19'1 0.444 v.049 0.111 6.067 0.222 (100012:'56 51.120 

• 0.194 0 .... 44 O. \)49 0.111 6.667 v.222 0.002682 51 .600 
Ci.194 0.444 0.049 (10 111 6.667 0.222 0.Ci04488 :'3.840 
0.19oi v .... 44 0.049 v.111 6.667 O.2~2 0.006410 ~6.500 
Ci. 19'\ 0.444 (·.049 0.H1 6.667 (,.222 0.008330 5".163 

• 00194 0.444 v.v49 v.l11 6.667 0.222 0.012136 63.17~ 
o .07!) (J.l:",o 0.010 0.038 2.400 0.112 0.000913 56.000 
v.v7~. v.l:'iO v.vl0 0.038 2.4VO 00112 0.002790 59.280 
0.07!) 0.150 O.Olli 0.030 2.40(J 0.112 0.004805 62.990 
O.v7:" v.l:".o ().01O 0.030 2.400 0.112 0.007:573 71. 930 
Ii . 075 o .1!5V O.Olli 0.038 2.400 0.112 0.0103:'9 81 .370 
0.v7:'i 0.150 0.010 0.038 2.400 0.112 0.v13006 90.660 • 0.1~ 0.188 0.020 0.083 !'i.oo(J 0.188 0.000:!33 5o.25v 
Ii. 12:'1 0.188 v.020 0.083 ~ .OVO 0.188 0.000622 56.670 
0 .125 0.188 0.020 0.083 ::; '.000 (j.188 0.00166~ 59.800 
0.125 v.188 0.020 0.083 5.000 0.188 0.002717 62.980 
0.12~ 0.188 v.O~\j 0.083 5.000 0.188 0.OO~406 '4.200 
o .1;;Q 0.l.8B v.020 0.063 ~.OCO 0.188 0.00684!'i 81.200 
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0.07:'i 0.1~ 0.037 1/.0113 ~.OOO 0.112 ,).000463 ~6 .150 • u.075 0.150 0.037 0.018 3.000 (/.112 0.001)972 56.460 
\).07S u.l:',o 0.037 0.018 ' 3.000 0.112 0.001798 ~8.640 
U.075 0.1:50 0.037 0.018 3.000 0.112 0.002218 80.140 
0.222 · u.~S6 0.092 0.111 6.667 O.2~0 0.001261 ~6.250 
0.22.? 0.556 0.082 0.111 6.667 0.250 0.002730 57.25v 
'j,222 v.~50 0.082 II. 111 6.667 f/.2~O 0.004376 ~9.310 

• u.2:?;> v.sse. 0.002 0.111 6.667 0.250 0.006202 6~.~40 

() .222 O.S~6 u.082 0.111 6.667 \}.250 0.008028 65.770 
u.22? v.556 v.082 0.111 6.667 ('I< 250 0.011080 68.840 
('1.194 \).2~,o 0.082 0.111 6.667 \).250 0.000013 ~6.600 
(/.194 0.250 0.082 0.111 6.667 0.250 0.000293 57.660 
Ool?4 0.2:'",0 0.082 0.111 6.667 O.2~O II. 000611 58.960 

• 0.194 v.Z'",o 0.002 v.111 , 6.667 0.250 0.001234 62.34v 
0.194 0.2':'"10 0.082 0.111 6.667 V.2~O 0.0()18~8 65.730 
0.19<\ v.250 0.002 0.111 6.667 0.250 0.002481 69.120 
('.167 0.333 1/.061 0.063 5.0VO 0.188 \).000790 56.120 
u.167 (/.~33 0.061 (/ .063 ::'i.000 0.188 0.001717 56.990 
0.167 1/.~33 0. (/61 11.063 5.000 0.188 0.002921 ~9.240 

C"167 0.333 0.061 0 . 063 5.000 0.188 0.004233 02.080 • 1/.167 0.333 0.061 0.063 5.000 110188 0.005545 64.930 
0.167 (1.333 0.061 \}.063 5.000 Ii. 188 0.00]55<;- 69.340 
O. (<87 O.~O 0.010 0.030 3.000 0.112 0.003097 :')6.060 
(1.087 0.25V 0.010 \}.038 3.000 0.112 0.007463 59.700 
(' .087 0.2:'".0 0.010 0.v38 3.000 0.112 0.012696 65.4:>0 
0.087 0.250 0.010 0.038 3.000 0.112 0.018267 74.520 • O. \)87 v.2'""...o v.Ol0 0.038 3.000 0.112 0.023600 83.440 
0.087 0.2!5(i v.010 0.038 3.000 0.1.12 0.028932 c2.360 

• 

• 

• 
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APPENDIX F 

COMPARISON BASED ON BEHAVIOR PREDICTION FROM 
VARYING THE VARIABLES INDIVIDUALLY 
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Figure F.1 Plate Thickness vs Moment Plot Obtained 
from Equation (3.5 .1) By Varying Pf Through Low, Intermediate and High 
Values 
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Figure F.3 Plate Thickness vs Moment Plot Obtained from 
Equation (3.5.15) by Varying Pf Through Low, 
Intermediate and High Values 
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Plate Thickness vs Moment Plot Obtained from 
Equation (3.5.15) by Varying db Through low, 
Intermediate and High Values 
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Figure F.S Plate Thickness vs Moment Plots Obtained f rom 
Equation (3.S.l7) by Varying Pf Through Low, 
Intermediate and High Values 
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Plate Thickness vs Moment Plots Obtained from 
Equation {3.5 . 17} by Varying db Through low, 
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Plate Thickness vs Moment Obtained from 
Equation (3.6 .11) by Varying tw Through 
Low. Intennediate and High Values 
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Plate Thickness vs Moment Obtained from 
Equation (3.6.11) by Varying t f Through 
low, Intermediate and High Values 

• 

: 

• • 
{tGGa 



• • • • 

• . S 

, .... 
L 
A 
T 
r 
T ' .S 

" I 
J C '" 0 II: .... .. ' .2 J r • • I 

I ••• N 
I 

• • 

• • • • 

R~: ~:8 . 
BF=lO.O 

I I .1 .Z .4 .e .1 
ItClIOY <ICIPI-fl) 

Figure F.9 Plate Thickness vs Moment Obtained From 
Equation (3 .6.11) by Varying bp Through 
low, Intermediate and High Values 
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Figure F.12 (BF - PT) Versus Moment Obtained from 
Equation (3.6.13) by Varying Pf Through 
Low, Intermediate and High 
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Figure F.13 (SF - PT) Versus 'loment Obtained from 
Equation (3.6.13) by Varying Sp Through 
low . Intermediate and High 
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Figure F.14 (B F - PT) Versus Moment Obtained from 
Equation (3.6.13) by Varying tp Through 
Low. Intermediate and High 
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Figure F. 1S (BF - PT) Versus ~oment Obtained from 
Equation (3.6 .13) by Varying tp Through 
Low, Intermediate and High 
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Figure F.1 6 (B F - PT) Versus Moment Obtained from 
Equation (3.6.13) by Varying ~. Through 
Low, Intermediate and High 
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Figure F.17 (SF - PT) Versus Moment Obtained from Equation 
(3.6.13) by Varying h, Through low, Intermediate 
and High 
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Figure F.18 (BF - PT) Versus lIoment Obtained from 
Equation 3.6.16) by varying db' Through 
Low, Intermediate and High 
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Figure F.19 (BF - PT) Versus Moment Obtained from Equation 
(3.6.16) by Varying Pf • Through Low. Intermediate 

and High 
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Figure F.20 (SF - PT) Versus Moment Obtained from 
Equation (3 .6.16) by Varying bp' Through 
Low . Intermediate and High 
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Figure F.21 (BF - PT) Versus Moment Obtained from 
Equation (3.6.16) by Varying t p' Through 
Low, Intermediate and High 
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Figure F.22 (SF - PT) Versus Moment Obtained from 
Equation (3.6 .16) by Varying tw' Through 
low, Intermediate and High 
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Figure F.23 (SF - PT) Versus Moment Obtained from 
Equation (3.6.16) by Varying h. Through 
Low. Intermediate and High 
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Figure F.24 (BF - PT) Versus Homent Obtained from 
Equation (3.6.18) by Varying db Through 
Low, Intermediate and High 
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Figure F.25 (SF - PT) Versus Moment Obtained from 
Equation (3 .6.18) by Varying Pf Through 
Low , Intermediate and High 
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Figure F.26 (SF - PT) Versus Moment Obtained from 
Equation (3.6 . 18) by Varying bp' Through 
Low, Intermediate and High 
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Figure F.29 (SF - PT) Versus Moment Obtained from 
Equation (3.6.18) by Varying two Through 
Low. Intermediate and High 
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Figure F.30 (BF - PT) Versus Moment Obtained from 
Equation (3 .6.18) by Varying h. Through 
Low. Intermediate and High 
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APPENDIX G 

DEVELOPMENT OF THE EQUATION FOR WIDTH 
OF RECTANGULAR BOLT ZONE 
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APPENDIX G 

DEVELOPMENT OF THE EQUATION TO CALCULATE WIDTH OF RECTANGULAR BOLT ZONE 

To calculate the width of rectangular bolt zone (refer to Sectioh 

2.2 of Chapter II). it was decided to correlate the resultant force asso

ciated with the tension region of a beam subjected to pure moment. Tt • to 

the yield strength of the entire beam cross-section. Ty ' Figure G. l re

presents the connection cross-section along with stress distribution used 

to develop this correlation. The resultant tension force 1s defined as 

follows: 
h - t f h - t f Tt : 1/2 (Fby (1 + ( h )) bf + 1/2 ( h ) Fby tw (G.l) 

Equation (G. 1) 1s to be simplified to the form: 

Tt • r Ty 
z r (A

B 
Fby ) (G.2) 

where r is a scalar factor to be determined. AB = area of beam cross

section and Fby * yield stress of beam material . Using dimensions of the 

256 beam cross-sections selected in Chapter III. it was found that the 

factor r varied from 0.30 to 0.37 with an average value of 0.339. Hence. 

it was decided to use r : 1/3 to compute the resultant tension force sub

jected to pure moment . 

Figure G.2 shows the plot of the right hand si de of Equation 
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(G.2) for r = 1/3 versus right hand side of Equation (G.l). A line with 

a slope of 1 to 1 is also drawn in this figure. Points on this line show 

that exactly same results are obtained from Equations (G.l) and (G.2). 

It can be noticed from this plot that all the points are close to 1:1 

slope line, which is an indication that Equation (G.2) for r = 1/3 is a 

good representation of the Equation (G.1) . 

To compute the size of the equivalent rectangular area repre

senting the tension bolts in the 2-D model, the ultimate capacity of the 

tension bolts was set equal to this resultant tension force: 

or 

~e = (1/3) (AS Fby)/Fyb 

or (gb) (db) = (1/3) (As Fby)/Fyb 

(G.3) 

(G.4) 

(G.S) 

where Abe = equivalent area of one row (zone) of bolts (s9bdb)' Fyb = 
yield stress of bolt material, gb = width of equivalent bolt rectangular 

area and db = bolt diameter. Using Equation (G.5), the width gb of the 

equivalent bolt area can be obtained and is used as the thickness of the 

elements representing the bolt shank. 
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