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Session topics

Stability-design overview – AISC Methods

Story Drift and Drift Limits – wind and seismic

Indirect Analysis Method – NEW!

Background of the AISC RM factor

Second-order drift methods

Example
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Stability-design 

Summary

4

A Legend in Stability – William LeMessurierA Legend in Stability – William LeMessurier

A Practical Method of Second Order Analysis

Part 2—Rigid Frames 

WM. J. LEMESSURIER 

ENGINEERING JOURNAL     AMERICAN INSTITUTE OF STEEL CONSTRUCTION      SECOND QUARTER  /  1977
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AISC DESIGN GUIDE 28

Authors:

Don White

Larry Griffis
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Performance Based Seismic Design 

Tall Buildings - PEER
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Stability and Instability – SSRC Guide

8

What is stability?
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Design for stability

Design considerations

• Strength

• Adequate to resist loads

• Stiffness

• Prevent excessive displacement

• Stability

• Not a separate consideration

• Increases strength demand

• Decreases stiffness

10

Design for stability

General requirements for all methods

AISC-defined methods

• FOM: First-order method 

• ELM: Effective length method

• DM:  Direct analysis method

9
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Stability Requirements 

“The Big 5” (Chapter C)

• All deformations considered

• flexural, shear, axial, panel zone, etc.

• Second order analysis

• P-Δ, P-δ effects

• Geometric imperfections

• Out-of-straightness

• Out-of-plumbness

• Member stiffness reduction due to residual stresses

• EI reduction due to premature yielding

• Uncertainty in stiffness strength

12

Performance Based Design 

The Analysis Model

11

12
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Consider all deformations

Axial

Flexural

Shear

14

L/500

L/1000

Geometric imperfections

Connection 

flexibility

Out-of-plumbness

Out-of-straightness

13
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What are “notional loads”?

“Lateral loads applied at each story 

expressed as a fraction (0.002) of the 

gravity load at a story”

Ni = ∑0.002 Yi

Now part of DM and ELM!

Yi+1 Yi+1

Yi Yi

Ni+1

Ni

16

Pδ (member) vs P∆ (system)

Pδ effects

P∆ effects 

δ
P

P

∆2

P-Δ = Additional moment due to the member axial

force acting thru the relative transverse 

displacement of the member ends 

P-δ = additional moment due to the member axial

force acting thru the transverse displacement

of the cross-section relative to a chord between

the member ends  

Note: δ influences Δ

15

16
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Pδ modeling

Software typically addresses P∆ effects at nodes 

Pδ effects can be modeled 

• Introduce nodes: δ  ∆

• 4 segments/member

δ
P

∆

18

Notional load for the Direct Analysis Method

17

18
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19

Big 5 considerations

All deformations

• Typically addressed in modeling

Second-order effects 

• Second-order analysis

∆2

20

5 considerations

Geometric imperfections

• Member

• Reduced design strength

• Modeling of imperfections

• System

• Notional load

• Modeling of imperfections

L/500

L/1000

19
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5 considerations

Stiffness reduction due to 

inelasticity & uncertainty in 

strength and stiffness

• Member

• Reduced strength

φ
• Modeling

L/500

L/1000

22

5 considerations

Stiffness reduction due to 

inelasticity & uncertainty in 

strength and stiffness

• System

• Reduced stiffness

• Additional load

• Amplified load

• Modeling L/500

L/1000

21

22
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Accounting for out-of-straightness

24

Accounting for out-of-straightness

23

24
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Accounting for out-of-plumbness

26

Residual stress

My<Mp

Stiffness reduction due to inelasticity

25

26
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First-order (analysis) method: FOM

First-order analysis

Limit on second-order effects

• B2 ≤ 1.5

Additional lateral load

• Based on

• B2 = 1.5

• Geometric imperfection

• Reduction in stiffness due to 
inelasticity

• Uncertainty in strength and 
stiffness

2.1 0.042i i iN Y Y
L

α ∆ = ≥ 
 

,1iY ,2iY

iN

1

500L

∆ =

Use for simple structures

Use for quick design check

Conservative solutions

28

• Analyze ideal geometrically perfect elastic structure

• Account for residual stresses & geometric imperfections 

implicitly with K (buckling analysis)

• Calculate K > 1 for MF’s (or obtain elastic column buckling 

load  Pe from a sidesway buckling analysis) - K = 1.0 for braced 

frames

• Use the AISC column curve to determine Pn (can be expressed 

in terms of elastic buckling stress Fe = Pe / Ag)

The ELM

27

28
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29

Effective length method: ELM

Second-order analysis

Limit on second-order effects

• B2 ≤ 1.5

Reduction in moment-frame column 

strength

• K > 1.0 (must determine K)

• Modify for leaning columns

• Addresses stiffness reduction

30

Finding K can be complicated!

knee knee
ridge

lean to 
frame

29

30
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31

The K Factor

32

Moment Frame–Braced Frames combined  

K = ??

31

32
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Direct analysis method: DM

Second-order analysis

Reduced-stiffness model

• Stiffness reduction due to 

inelasticity

• Uncertainty in strength and 

stiffness

K = 1!

34

Direct analysis method: DM

4 1 1.0r r
b

ns ns

P P
P P

α ατ  = − ≤ 
 

Stiffness reduction

• General

• 0.8EI

• 0.8EA

• Flexural columns αPr /Pns ≥ 0.5 (50% of yield)

• 0.8τbEI

• Not applicable to

• Building period

• Drift

K = 1!

33
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35

Direct analysis method: DM

4 1 1.0r r
b

ns ns

P P
P P

α ατ  = − ≤ 
 

Stiffness reduction

• General

• 0.8EI

• 0.8EA

• Flexural columns αPr /Pns ≥ 0.5 (50% of yield)

• 0.8τbEI

• Not applicable to

• Building period

• Drift

K = 1!

36
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++≥ H1-1a

ELM  Use of K>1causes smaller Pc, larger Pr / Pc                             Axial dominates

DM  K=1 causes larger Pc, smaller Pr / Pc 

notional load makes larger  M / Mc

Moment dominates

ELM vs DM

Interaction Beam Column Equation

Effective Length 

Method

Direct Analysis

Method

35
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ELM vs DM

Note non-linear

response in DM

38

Fundamental differences: ELM vs DM

• Geometric imperfections 

• (out-of-plumbness) included explicitly in the DM 

analysis using notional loads or modeling out-of-plumb 

geometry

• Reduced stiffness of structure used in DM analysis (accounts 

for softening of the structure at ultimate load from residual 

stresses)

37

38
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39

• No K factors are required!

• Internal forces are more accurate

• Applies to all frame types – moment frames, braced frames, 

combined systems

• More economical beam-column proportions in certain cases

• The DM now the preferred method in Chapter C

Major advantages of the Direct Analysis Method

40

ELM vs DM – Modeling difference

Notional loads required

39

40
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41

Second-Order Analysis is important

• Requires input of gravity loads into analysis model

• Without gravity loads in model, 2nd order analysis is the same as 1st order analysis!

42

Include ALL gravity & other loads that influence the 

structure’s stability

• … the loads in any gravity columns, walls, etc. that are stabilized by the lateral load 

resisting system must be included in the analysis

• This is often handled by the use of a  “dummy column” 

41

42
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43

New restrictions on the ELM:

• Sidesway amplification limited to 1.5 

• (Δ2nd / Δ1st ≤ 1.5 based on the nominal unreduced 
stiffness or 

• Δ2nd / Δ1st ≤ 1.71 based on the reduced stiffness )

• A notional minimum lateral load is required in gravity-only 
load combinations (to account for the effect of nominal out-
of-plumbness)

Notional loads also apply to the ELM now

44

Simple Stability Models – Useful Tools

H

L

Pmf

H

Pmf

HL

Cantilever 

column

H rigid element

L

PleanPmf

H

Plean

Pmf

HL

Cantilever

(moment-frame) 

column

Leaning 

column

Model 1 Model 2

43
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Cantilever column – Model 1

46

Cantilever column – Model 1

45

46
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Basic Stability Model – Model 2 (LeMessurier 1977)

48

Stability Model 2 (LeMessurier – 1977)

FAF ≈  DAF but not exactly the same!

47

48
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HL+ΣP∆2 =          B2HL

2 2

2
1

story storyHL P P
B

HL HL

+ ∆ ∆
= = +

Second-order analysis

H

Pmf Plean

L

Pmf∆2 /L Plean∆2 /L

Pmf + Plean = Pstory

50

First-order analysis

H rigid element

L

PleanPmf

H

Plean

Pmf

HL

H

L

Pmf

H

Pmf

HL

Inclusion of gravity load does not affect first-order analysis

49

50
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51

First-order analysis

H

L

Pmf

H

Pmf

HL

Moment 

diagram

Shear

diagram

Inclusion of gravity load does not affect first-order analysis

H H

L

52

Second-order analysis

L

P∆2 /L
H+P∆2 /L

PleanHL+ΣP∆2

H

Plean

∆2

Leaning-column effect

Equilibrium in the deformed condition (∆2)

51
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53

L

Plean∆2 /L

H+Plean∆2 /L

Plean

HL+ΣP∆2 

External lateral 

load H

Internal P∆ 
load effect 

Total load effect 

on lateral system

PleanPmf

∆2

Pmf

HL+ΣP∆2 = B2HL

2 2

2
1

HL P P
B

HL HL

+ ∆ ∆
= = + 

Gravity load increases 

lateral-load effects

Lateral-load-effect 

amplifier:

Second-order analysis

54

2

2
1

P
B

HL

∆
= +

22 1
B∆ = ∆ (true if there is no Pδ effect)

1

2

1

1
P

HL

B =
∆

−

L

Plean∆2 /L

H+Plean∆2 /L

Plean

HL+ΣP∆2 

External lateral 

load H

Internal P∆ 
load effect 

Total load effect 

on lateral system

Plean

∆2

Second-order analysis

53
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Pδ stiffness reduction

H rigid element

P

H

P

≠

Pδ+P∆ stiffness reduction > P∆ stiffness reduction

Important for moment-frame structures

H rigid element

H

P

P

56

H rigid element

H

Pδ stiffness reduction

≠

(Pδ+P∆)‒P∆ stiffness reduction > zero

Important for moment-frame structures

H rigid element

P

H

P

P

P

55
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Pδ stiffness reduction

Pmf

∆mf

Hmf

HmfL+Pmf∆mf

Hmf
Gravity load on flexural columns has greater 

effect than gravity load on leaning columns

• Moment-frame columns

• Cantilever columns

Note: AISC parameter RM is a conservative value 

appropriate for force amplification

( )
2

1

2
1

1 1

1 1
12 1 1 0.15

story story

mf
mf

story

B
P P

PHL P HL
Pπ

= ≤ ∆
− −

 − − −∆  
 

LeMessurier, 1977 AISC Specification

58

Importance of the “leaning columns”

47 Story Office Building

Houston, Texas

57

58
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Effect of “leaning columns”

∑P = all gravity load

MF - Lateral Load Resisting 

System around building

perimeter (30’ bays)

Pext = 0.45∑ P

Pint = 0.55∑ P

Multistory Office Building

60

Effect of “leaning columns”

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

3.2

3.4

3.6

3.8

4

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

 

 B
2

B2 = 1 / (1 - ΣP/ΣPe2)

ΣP / ΣPe2

B2 = 1.5

B2 = 3.81 With leaning col  effect

As designed 

w/o leaning col  effect

59

60



NASCC 2020 • Virtual Conference 4/22/2020

Fast and Efficient Design for Stability

Larry Griffis & Rafael Sabelli 31

61

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

3.2

3.4

3.6

3.8

4

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

 

 B
2

B2 = 1 / (1 - ΣP/ΣPe2)

ΣP / ΣPe2

B2 = 1.5

B2 = 2.5 Maximum suggested limit

Recommended design range

Recommended range of B2 for design

62

Limit States -

including Drift Control

Limit State 1: Strength under ultimate wind

Limit State 2: Serviceability under service level wind

Limit State 3: Strength under design seismic 

Limit State 4: Stability (Drift) under design seismic

Limit State 5: Serviceability under service level seismic

61

62
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63

Designing for wind load

64

Wind vs Seismic

63

64
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65

Design Limit States

66

Some key factors for building design

65

66
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67

Designing for Wind

68

The importance of the wind tunnel

67

68
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69

Damage control under wind load

70

Serviceability Limit States can control design

69

70
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71

Requirements for assessing building drift & damage control

• Build an accurate analysis model

• Define one or more serviceability load combinations

• Define a damage measure that captures the damage 

potential from building sway

72

The change in member properties

Serviceability limit state to Strength limit state load levels

• GROSS MEMBER PROPERTIES – under serviceability load 

combinations, structure remains essentially elastic

• REDUCED MEMBER PROPERTIES, reduced stiffness, under 

strength limit states, structures in inelastic range of response

• Applies to steel structures, more so to concrete structures

• Applies to building Period T

• Applicable in wind tunnel studies

• Must consider this effect in design

TWO SEPARATE MODELS

– ONE FOR EACH LIMIT STATE

A B3 Factor can change this!

71

72
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73

Story Drift – a popular measure of deflection control

74

Deformation components

73

74
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75

“Racking” deformation

Important for moment frame systems with wide column spacing

76

Story Drift vs Strain

75

76
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77

Rigid body motion does not cause strain

78

Moment Frame – Braced Frame interaction

77

78
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79

Designing for Drift and Perception to Motion

80

Strength to Serviceability Ratio

79

80
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81

Story Drift 

82

Story Drift vs Strain

81

82
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83

It’s really a matter of strain – not drift

Deformation 

Damage Zone 

(DDZ)

84

Deformation Damage Zones (DDZ)

Suggested locations,

Warping of floor slabs

occurs

83

84
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85

Suggested Drift Design Criteria – ATC Design Guide

Irwin, Peter

Griffis, Larry

86

The Deformation Damage Index Limits

85

86
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87

AISC 360/341 vs. ASCE-7 symbols

αPstory

PxH

V/Ie

∆H

∆/Cd

L

hsx

Mechanical stiffness d

M

x

e

H

V

C

K
H I=
∆

= ∆
2

1

1
o H

M

st ry

B
P

R HL

α ∆=
−

d

x

sx

e

x

I

V C

P

h
θ ∆=

1
d

H C
= ∆ = ∆∆

1
∆

2

1

1
MR

B θ=
−

88

Seismic design for drift and stability – ASCE 7-16

• ASCE 7-16 Section 12.12 Drift and Deformation

• Table 12.12-1 Allowable Story Drift ∆all

STABILITY INDEX θ
x e

x sx d

P I

V h C
θ ∆= (12.8-16)

(12.8-17)max

0.5
0.25

dC
θ

β
= ≤

87
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89

Seismic design for drift and stability – ASCE 7-16

• Design Story Drift ∆:

Drift Control under ultimate design loads

90

Seismic Drift Limits – ASCE 7 Table 12.12-1

89

90
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91

Performance Based Design 

The Analysis Model

92

Performance Based Design – Seismic

Tall Buildings

91

92
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93

Structural Analysis Model

94

Service Level Earthquake – PEER (MRI = 43 years)

LINEAR DYMAMIC ANALYSIS

• Response Spectrum Analysis

• Response History Analysis 

93

94
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95

Service Level EQ – Load Combinations

96

Seismic Serviceability – Story Drift Limits

95

96
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97

Deformation Controlled Actions

98

Force Controlled Actions

97

98
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99

Modeling Member Properties – Structural Steel

100

Modeling Member Properties – Reinforced Concrete

99

100
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101

P-Delta Analysis – A Caution for Seismic Design

Positive slope can prevent

instability

Negative slope can lead to

instability

102

Summary

Design for stability is necessary

• Must address “Big Five” considerations, including:

• 2nd-order effects

– B2 amplifier

» Or B2–based force (FOM)

– Explicit second-order analysis

• Stiffness-reduction effects

– ELM: K

– DM: Reduced stiffness (0.8τb)

– FOM: 0.8–based force; axial-force limit

101

102
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103

Summary

Second-order effects are a key part of design for stability

Second-order effects should be included in all drift evaluations

Second-order effects can be included in the analysis or 

addressed via amplifiers (B1, B2 and the new B3)

Inclusion of full system gravity load is necessary to capture P∆
effects

• Select appropriate load combination for reduced stiffness

Proper modeling is necessary to capture Pδ effects

• Mesh members (4 segments) or use the B1 amplifier

104

Design Amplifiers – You know about two of them

• The AISC B1 Amplifier

• The AISC B2 Amplifier

103

104
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105

And now, there is a third one – THE B3 AMPLIFIER

[ ]3

2

0.8

1 1 0.8

b

b

B
B

τ
τ

=
− −

106

Some Sabelli Sausage

The B3

“SABELLI AMPLIFIER”

[ ]3

2

0.8

1 1 0.8

b

b

B
B

τ
τ

=
− −

It’s TASTY!
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107

BRIEF PAUSE…….

RAFAEL COMING UP

108

The Indirect

Analysis Method

107

108
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109

Stability-design methods

Braced

Frames

Moment 

Frames

FOM Additional lateral 

force

Conservative

Additional lateral 

force

Conservative

ELM K factors

Adjust for leaning 

columns

DM Reduced-stiffness 

model

Reduced-stiffness 

model

110

Indirect analysis method

Based on Direct analysis method

Full-stiffness model

K=1

There has to be a catch, right?

• Uses B3 factor instead of 

reduced stiffness

109

110
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Equilibrium in the deformed condition: amplifier method

L

Plean∆2 /L

H+N+Plean∆2 /L

Plean

(H+N)L+ΣP∆2 

External lateral 

load H

Internal P∆ 
load effect 

Total load effect on 

lateral system

PleanPmf

∆2

Pmf

Notional lateral 

load N
L

Total load effect on 

lateral system

∆2

( )2B H N+

=

� +���� = ��	 � +

Amplified first-order analysis 

(including imperfection loads)
First-order and second-order effects 

(including stiffness reduction)

Equilibrium @ (∆=0) Equilibrium @ (∆2)

112

Equilibrium in the deformed condition : amplifier method

All deformations

Second-order effects 

• PΔ effects 

• Pδ effects 
(system)

Geometric 
imperfections

Stiffness reduction 
due to inelasticity

Uncertainty in 
strength and stiffness

( )2B H N+

∆0

L∆2

( )2B H N+
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Unpacking the amplifier

��	 � +


��	 = �	��
�	 =

1

1 −
��������
����

Second-order effects

Pδ and P∆

Stiffness-

reduction 

effects 

�� =
0.8��

1 − 1 − 0.8�� �	

 
3

2

4

5
B

B
=

−

First-order effects �

Initial imperfections

L∆2

( )2B H N+

114

Indirect analysis method

Parameter τb

• Based on αPr /Pns (=Pu /Py)

• Calculated member by member

Factor B3

• Calculated story by story

• Stiffness reduction of one member affects all members

• Applied story by story

• Largest value can be applied to entire structure

113
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2 ways to implement

Pre-design Loads Analysis/ 

Design

Check Iteration

Amplified 

1st order 

analysis 

= 2nd order

Analysis

Estimate 

B2 and B3

based on 

drift limit

Apply

B2 and B3

to lateral 

forces

1st

order 

analysis 

αPr /Pns

≤0.5
If 

required

Explicit 

2nd order

Analysis

Estimate 

B2 and B3

based on 

drift limit

Apply

B3

to lateral 

forces

2nd

order 

analysis

αPr /Pns

≤0.5

If 

required

116

Indirect analysis method 

Two ways to implement

• Amplified 1st-order analysis

• Second-order effects 

approximated by B2

• Stiffness reduction using 

B3 based on B2

• Both can be determined 

based on drift limit in 

advance of design

α P r /P ns ≤0.5 0.55 0.6 0.65 0.7

τb 1 0.99 0.96 0.91 0.84

B 2

1.00 1.00 1.00 1.00 1.00 1.00

1.05 1.06 1.06 1.07 1.07 1.08

1.10 1.13 1.13 1.13 1.14 1.16

1.15 1.19 1.20 1.20 1.22 1.24

1.20 1.26 1.27 1.28 1.30 1.33

1.25 1.33 1.34 1.35 1.38 1.42

1.30 1.41 1.41 1.43 1.46 1.52

1.35 1.48 1.49 1.51 1.55 1.63

1.40 1.56 1.56 1.59 1.65 1.74

1.45 1.63 1.64 1.68 1.74 1.86

1.50 1.71 1.73 1.77 1.84 1.98

1.55 1.80 1.81 1.86 1.95 2.12

B 2 BB2B3

��	 � + 
 = �	�� � + 


115

116



NASCC 2020 • Virtual Conference 4/22/2020

Fast and Efficient Design for Stability

Larry Griffis & Rafael Sabelli 59

117

Indirect analysis method 

Two ways to implement

• Explicit 2nd-order analysis

• 2nd-order effects using 
software

• Stiffness reduction using B3

– based on approximate B2

» based on drift limit 

• in advance of 
design

– Or ∆2/∆1 (or H2/H1) from 
analysis

B3

��	 � + 
 = SOA �� � + 


118

Advantages and disadvantages: IAM and FOM

Advantages of IAM Disadvantages of IAM

FOM • Lower forces

• αPr/Pns ≤ 0.7 for moment-frame 

columns

• B2 ≤ 2.0

• No additional lateral loads

• B2B3 indicates stability

• Second-order 

analysis

(But FOM is limited to 

B2≤1.5….)

117
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119

Advantages and disadvantages: IAM and ELM

Advantages of IAM Disadvantages of IAM

ELM • Lower demand-to-capacity ratios 

(moment frames)

• K=1

• B2 ≤ 2.0

• Provides appropriate design forces 

for connections & beams

• B3 indicates stability

• B3 amplifier

• αPr/Pns ≤ 0.7 for 

moment-frame 

columns

120

Advantages and disadvantages: IAM and DM

Advantages of IAM Disadvantages of IAM

DM • Single calculation of B3

• One model 

• B3 is an indicator of stability

• Potentially higher forces 

(largest τb)

• Limited to

o Vertical columns

o B2≤2.0

o αPr/Pns ≤0.7 for moment-

frame columns

119
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Second-order effects: 

Methods and tools

122

HL+ΣP∆2 =          B2HL

2 2

2
1

story storyHL P P
B

HL HL

+ ∆ ∆
= = +

Second-order analysis
Let’s set aside N & B3 and focus on B2

121
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Second-order analysis

2

2
1

storyP

HL
B

∆
+=

1

2

1

1
story

M

P

R HL

B ∆
−

=
L

Plean∆2 /L

H+Plean∆2 /L

Plean

HL+ΣP∆2 

External lateral 

load H

Internal P∆ 
load effect 

PleanPmf

∆2

Pmf

2
2 1

M

B
R

∆ = ∆
2

1
1

1
1

story

s

M

tory

P

L

P

H

HL

R

∆
∆

+ =
−

Equilibrium at ∆2 Force amplifier with P∆ and 

RM stuffiness reduction

124

Second-order analysis

1 2

1 story

M

PH H

R L

 
= + ∆ ∆ 

2 1

story

M

PH H
R

L
= −

∆ ∆

• Mechanical stiffness

o 1st order

• Effective stiffness

o 2nd order

2

1
1

1
1

story

s

M

tory

P

L

P

H

HL

R

∆
∆

+ =
−
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125

Pδ stiffness reduction

Pmf

∆2

H

HL+Pmf∆2

H

( )
2

2
1

1

1
12 1

story

mf

B
P

HL Pπ

=
−

− −∆

LeMessurier, 1977 AISC Specification

1

1

1

1 0.15

story

mf

story

P

P
HL

P

≤ ∆
−
 − 
 

 ( )1

2
121 1

mf

M

P
R

HL π
∆

= − −

1 0.216 mf
M

story

P
R

P
θ= − AISC parameter RM

Calibrated to θ=0.7

1 0.15 mf
M

story

P
R

P
= −

126

Second-order analysis

2

2
1

storyP

HL
B

∆
+=

1

2

1

1
story

M

P

R HL

B ∆
−

=

L

Plean∆2 /L

H+Plean∆2 /L

Plean

HL+ΣP∆2 

External lateral 

load H

Internal P∆ 
load effect 

PleanPmf

∆2

Pmf

2
2 1

M

B
R

∆ = ∆ Based on LeMessurier, 1977( )1

2
121 1

mf

M

P
R

HL π
∆

= − −

2

1
1

1
1

story

s

M

tory

P

L

P

H

HL

R

∆
∆

+ =
−

B2 with AISC RM ~ true B2 /RM for:

θ≤0.3 with Pmf /Pstory =1.0

θ≤0.5 with Pmf /Pstory =1/3

1 0.15 mf
M

story

P
R

P
= −
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Second-order analysis

( )2
12 1story mfP P

L

π+ −

( )2

1 22

1
1

2 1
story

M

story mfP P
H H

L

PH

R L

π 
+ 

+ −
= = +

∆ ∆ ∆

( )2

2 11

12 1
st

t r
ory

M

s o y mfP P
H H

L

PH
R

L

π
∆

−
∆

+ −
= = −

∆

• Mechanical stiffness

o 1st order

• Geometric stiffness

o P∆ and Pδ

• Effective stiffness

o 2nd order

2
12

lean mf
P P

L

π+
=

P∆ effect Pδ effect

Plean∆2 /L Pmf∆2 /L (12π2‒1)Pmf∆2 /L

Leaning columns Moment-frame columns

128

�
∆� 

1

Second-order analysis

1

H

∆

2

H

∆

Lateral 

force

Lateral displacement

2
12

lean mf
P P

L

π+
�!"#$ + 12

&	 �'(

� 1

1

�
∆	 

H

External lateral 

load (H)

External load

∆� ∆	

B2H=H+Pstory∆2 /L

Total load effect on 

lateral system (B2H)

Total load effect

Total load 

effect on 

lateral system 

(B2H)

Internal geometric 

load effect (Pstory∆2 /L)  

1
12

&	 − 1
�'(

� 

������
� 

1

1

M

H
R

∆

���
∆�
 

1

storyP

L

( )2
12 1 mfP

L

π −

Internal geometric load 

effect (Pstory∆2 /L)  
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129

Determine B2 in advance of design

2

2
1

storyP
B

HL

∆
= + 2

1
story

d

allB
H

P

C L

   = +    

∆
 

2

all

dC

∆∆ =

H is load corresponding to ∆all /Cd

(This is a stiffness term!)

Pstory /Cd H 2 4 5 6.7 8 10 15 20 25 33 40 50 60 80 100

∆all /L ∆all Values of B2

0.0025 L/400 1.01 1.01 1.01 1.02 1.02 1.03 1.04 1.05 1.06 1.08 1.10 1.13 1.15 1.20 1.25

0.0050 L/200 1.01 1.02 1.03 1.03 1.04 1.05 1.08 1.10 1.13 1.17 1.20 1.25 1.30 1.40 1.50

0.0100 L/100 1.02 1.04 1.05 1.07 1.08 1.10 1.15 1.20 1.25 1.33 1.40 1.50 1.60 1.80 2.00

0.0150 L/67 1.03 1.06 1.08 1.10 1.12 1.15 1.23 1.30 1.38 1.50 1.60 1.75 1.90 2.20 2.50

0.0200 L/50 1.04 1.08 1.10 1.13 1.16 1.20 1.30 1.40 1.50 1.67 1.80 2.00 2.20 2.60 3.00

0.0250 L/40 1.05 1.10 1.13 1.17 1.20 1.25 1.38 1.50 1.63 1.83 2.00 2.25 2.50 3.00 3.50

Cd =1.0 for wind 

130

Determine B2 and B3 in advance of design

[ ]3

2

0.8

1 1 0.8

b

b

B
B

τ
τ

=
− −

2

2

2
1

1

story

story all

d

B

L

P

HL

P

C
B

H

= +

=
∆

+

∆
story all

d

P

C HL

∆

H is load 

corresponding 

to ∆all/Cd

Pu /Py
≤0.5 0.55 0.60 0.65 0.70

τb 1.00 0.99 0.96 0.91 0.84

B2 B2B3

0.025 1.03 1.03 1.03 1.03 1.03 1.04

0.050 1.05 1.06 1.06 1.07 1.07 1.08

0.075 1.08 1.10 1.10 1.10 1.11 1.12

0.100 1.10 1.13 1.13 1.13 1.14 1.16

0.125 1.13 1.16 1.16 1.17 1.18 1.20

0.150 1.15 1.19 1.20 1.20 1.22 1.24

0.175 1.18 1.23 1.23 1.24 1.26 1.28

0.200 1.20 1.26 1.27 1.28 1.30 1.33

0.225 1.23 1.30 1.30 1.31 1.34 1.38

0.250 1.25 1.33 1.34 1.35 1.38 1.42

0.275 1.28 1.37 1.37 1.39 1.42 1.47

0.300 1.30 1.41 1.41 1.43 1.46 1.52

0.325 1.33 1.44 1.45 1.47 1.51 1.57

B3

1.01 1.01 1.01 1.01 1.01

1.01 1.01 1.02 1.02 1.03

1.02 1.02 1.02 1.03 1.04

1.03 1.03 1.03 1.04 1.05

1.03 1.03 1.04 1.05 1.06

1.04 1.04 1.05 1.06 1.08

1.05 1.05 1.06 1.07 1.09

1.05 1.06 1.06 1.08 1.11

1.06 1.06 1.07 1.09 1.12

1.07 1.07 1.08 1.10 1.14

1.07 1.08 1.09 1.11 1.16

1.08 1.09 1.10 1.13 1.17

1.09 1.09 1.11 1.14 1.19
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Summary

Mechanical, effective, and geometric stiffness are related

• Geometric stiffness includes P∆ and Pδ effects 

• Effective stiffness is true stiffness in presence of vertical 

loads

• Effective = Mechanical ‒ Geometric

Stability is based on equilibrium in the deformed condition

• Drift limits correspond to the deformed condition

• Stability amplifiers can be determined from the drift limit

132

Design example

131
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133

Example design

8-story moment frame

Indirect analysis method

• Compare results with Direct Analysis

Wind design (no seismic)

Size members for drift

Check strength/stability

Factors determined based on drift limit

– (Appendix B of Indirect Analysis Method,
AISC Engineering Journal, Quarter 2, 2020)

134

Plan and elevation

1

30’-0”

52

30’-0”

3

30’-0”

4

30’-0”

6

30’-0”

7

30’-0”

D

3
0

’-
0

”

C

3
0

’-
0

”

B

3
0

’-
0

”

A

3 4 5

1
5

’-
0

”
1

5
’-

0
”

1
5

’-
0

”
1

5
’-

0
”

5th 

4th

3rd

2nd

1st

1
5

’-
0

”
1

5
’-

0
”

1
5

’-
0

”

Roof

8th

7rth

6th

1
5

’-
0

”
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135

Vertical loads

General

Story 

Height

Dead 

Load

Live 

Load

Level L

Dead 

Load

Live 

Load Pmf /Pstory RM
(in.) (kip) (kip)

8 180 2000 0 0.275 0.959

7 180 2000 1600 0.275 0.959

6 180 2000 1600 0.275 0.959

5 180 2000 1600 0.275 0.959

4 180 2000 1600 0.275 0.959

3 180 2000 1600 0.275 0.959

2 180 2000 1600 0.275 0.959

1 180 2000 1600 0.275 0.959

All pre-design information: no preliminary member design

1 0.15 mf
M

story

P
R

P
= −

136

Drift design

Drift L/400

1.0DL+0.25LL

Level Hservice ∆allowable Pstory Krequired ∆1 B2
(kip) (in.) (kip) (kip/in) (in.)

8 20.0 0.450 2,000 56 0.357 1.26

7 40.0 0.450 4,400 114 0.350 1.29

6 60.0 0.450 6,800 173 0.347 1.30

5 80.0 0.450 9,200 231 0.346 1.30

4 100.0 0.450 11,600 289 0.345 1.30

3 120.0 0.450 14,000 348 0.345 1.30

2 140.0 0.450 16,400 406 0.345 1.31

1 160.0 0.450 18,800 464 0.344 1.31

1 2 2

1

M M

P PH H H

R L R L

 
≥ + ≈ +  ∆ ∆ ∆ 

 
All pre-design information:

no preliminary member design

1

H

∆

2

H

∆

 ( )1

2
121 1

mf

M

P
R

HL π
∆

= − −

RM

0.988

0.987

0.987

0.987

0.987

0.987

0.987

0.987
Technically correct Used in paper
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Strength-design amplifiers

Strength

1.2DL+0.5LL

Level H F K=Krequired ∆1 Pstory B2 B3 B3F
(kip) (kip/in) (in.) (kip) (kip)

8 30 30.0 56 0.535 2,400 1.33 1.09 33.78

7 60 30.0 114 0.525 5,600 1.40 1.11 33.78

6 90 30.0 173 0.521 8,800 1.42 1.12 33.78

5 120 30.0 231 0.519 12,000 1.43 1.12 33.78

4 150 30.0 289 0.518 15,200 1.44 1.12 33.78

3 180 30.0 348 0.518 18,400 1.44 1.12 33.78

2 210 30.0 406 0.517 21,600 1.45 1.13 33.78

1 240 30.0 464 0.517 24,800 1.45 1.13 33.78

[ ]3

2 2

0.8 4

1 1 0.8 5

b

b

B
B B

τ
τ

= =
− − −

All pre-design information: no preliminary member design

1

H

∆
 ( )1

2
121 1

mf

M

P
R

HL π
∆

= − −

RM

0.986

0.984

0.983

0.983

0.983

0.983

0.982

0.982

From service-level drift limit

138

Design for drift

Level ∆2 /∆all

8 0.61

7 0.96

6 0.89

5 0.95

4 0.93

3 1.00

2 0.93

1 0.72

P∆
“dummy” 

column

Second-order analysis

Iterate to optimize for drift

W
1

4
x2

3
3

W
1

4
x1

7
6

W
1

4
x1

4
5

W
1

4
x8

2

W24x68

W24x68

W33x141

W18x46

W30x108

W30x108

W33x141

W33x141

W24x68

W24x68

W33x141

W18x46

W30x108

W30x108

W33x141

W33x141

Sizes selected
Drifts very close 

to the limit
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Strength/Stability check

aPr /Pns τb ∆1 ∆2 B'2 B'3
(in.) (in.)

0.07 1.00 0.39 0.49 1.25 1.07

0.16 1.00 0.59 0.79 1.35 1.10

0.15 1.00 0.54 0.74 1.36 1.10

0.21 1.00 0.57 0.79 1.38 1.11

0.22 1.00 0.56 0.78 1.39 1.11

0.28 1.00 0.60 0.84 1.41 1.11

0.25 1.00 0.56 0.78 1.38 1.11

0.29 1.00 0.45 0.59 1.32 1.09

Second-order analysis

B’2 = ∆2/∆1

B’3 calculated from B’2

(for comparison only)

Correct stiffness

Correct RM via 

proper Pδ
modeling 

140

Strength/Stability check

IAM DM Ratio IAM DM Ratio

Beam Beam IAM/DM Column Column IAM/DM
(DCR) (DCR) (DCR) (DCR)

0.13 0.12 1.06 0.14 0.14 1.04

0.21 0.20 1.04 0.45 0.45 1.01

0.31 0.30 1.02 0.25 0.25 1.02

0.27 0.27 1.02 0.45 0.45 1.01

0.32 0.31 1.02 0.47 0.47 1.01

0.29 0.29 1.01 0.58 0.58 1.01

0.33 0.32 1.01 0.50 0.50 1.01

0.33 0.32 1.03 0.65 0.64 1.02

IAM: Indirect analysis method

DM: Direct analysis method

Beam check Column check
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Example summary

Indirect analysis method is easy to implement

• One model

• K=1

Indirect analysis method is conservative

• Factors determined based on drift limit

• Could be re-calculated based on actual drift

• Specification RM is conservative

• Worst case B3 applied all stories

• Lower values could be applied at upper stories

• Conservatism does not result in larger members

142

Summary

141
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Summary

Design for stability is necessary

• Must address “Big Five” considerations, including:

• 2nd-order effects

– B2 amplifier

» Or B2–based force (FOM)

– Explicit second-order analysis

• Stiffness-reduction effects

– ELM: K

– DM: Reduced stiffness (0.8τb)

– FOM: 0.8–based force; axial-force limit

144

Summary

Indirect Analysis Method: useful option for moment frames

• K=1 

• One model

• B3 addresses stiffness-reduction effects

• 0.8τb

• Function of B2

143
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Summary

Second-order effects part of design for stability

• included in the analysis

• or addressed via amplifiers

Mechanical, effective, and geometric stiffness 

• Geometric stiffness includes P∆ and Pδ
• Effective stiffness is true stiffness

• Effective = Mechanical ‒ Geometric

Equilibrium in the deformed condition

• Drift limits correspond to the deformed condition

• Amplifiers can be determined from drift limit

146

Thank you

Questions?

145
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