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Abstract

A buckling mode decomposition method of normalized displacement field, bending stresses and

strain energy for thin-walled member displacement field (point clouds or finite element results) is

introduced based on generalized beam theory (GBT). The method provides quantitative modal par-

ticipation information regarding eigen-buckling displacement fields, stress components and elastic

strain energy, that can be used to inform future design approaches. In the method, GBT modal

amplitudes are retrived at discrete cross-sections, and the modal amplitude field is reconstructed

assuming it can be piece-wisely approximated by polynomials. The unit displacement field, stress

components and strain energy are all retrieved by using reconstructed GBT modal amplitude field

and GBT constitutive laws. Theory and examples are provided, and potential applications are

discussed including cold-formed steel member design and post-disaster evaluation of thin-walled

structural members.

1. Introduction

This paper introduces an elastic buckling mode decomposition method that provides unit displace-

ments, bending stresses and strain energy of thin-walled structural members using Generalized

BeamTheory (GBT). Themethod analyzes shell finite element analysis (SFEA) displacement fields

and can be categorized as an inverse problem solution method. A typical GBT analysis calculates

normalized displacements, stresses and strain energy, (Camotim et al., 2004) for elastic buckling

and (Abambres et al., 2014) for plastic collapse directly for a thin-walled member. The method

in this paper is different because it works backwards from any 3D deformation shape to quantify

modal participation information.
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Modal decomposition can be used to identify the dominant buckling mode for a SFEA solution,

and then the solution can serve as input for current design approaches, for example the American

Iron and Steel Institute’s Direct StrengthMethod. Frommodal decomposition, modal contributions

to key failure triggering quantities can be identified, e.g., stress, displacement, strain energy. For

example, if the failure is initiated by excessive transverse bending, modal decomposition can reveal

the contribution of the bending stress from short half-wave, local-plate buckling or longer wave,

distortional buckling, and the design can be improved accordingly. The method proposed herein

could also be applied to post-disaster evaluation of thin-walled structural members, where the dis-

placement field, documented as a point cloud can be analyzed to determine its residual capacity.

Buckling mode identification methods have been developed based on GBT and constraint finite

strip method (cFSM) on prismatic members. (Ádány et al., 2010) used cFSM basis function and

conducted mode decomposition by reconstructing the displacement field in the cFSM basis space.

(Li et al., 2013) documented the dominant deformation modes in simulations to collapse using

cFSM decomposition method. (Nedelcu, 2012) used GBT stiffness matrices to calculate the modal

participation with success. (Cai and Moen, 2015) brought out a modal decomposition method by

using GBT mode shapes as basis functions to reconstruct the displacement field. The method is

then employed in experiment to document the evolution of modal participation during collapse

(Lama-Salomon et al., 2015). The extension made in this paper’s method is that it applies on dis-

placement field, stress components and strain energy, while the previous work are applicable on

displacement field.

The modal decomposition method presented herein is based on GBT. The core concepts of GBT,

including modal analysis and a system of ordinary differential equations (ODEs), were conceived

by Schardt (Schafer, 2008), with the governing equations solved by the finite difference method

when analytical solutions are not available. The finite element approach was developed for solv-

ing the GBT system of ODEs approximately (Silvestre and Camotim, 2003), which facilitated the

application of GBT in buckling and dynamics problems. Shear modes that capture the shear lag

effect and nonlinear longitudinal warping displacements can also be incorporated into GBT (Sil-

vestre and Camotim, 2013), allowing the warping displacements in each fold line to be nonlinear

(Ádány, 2014).

Modal identification methods for decomposing displacement, bending stress and strain energy are

proposed that are inspired by the exising GBT body of knowledge. GBT modal amplitude at dis-

crete cross-sections are retrieved (Cai and Moen, 2015) using out-of-plane displacements at dis-

cretization nodes read from shell finite element solution. The continuous modal amplitude field

is reconstructed by assuming the modal amplitudes can be piece-wisely approximated by Hermite

polynomials. Unit displacement, bending stress and strain energy are all retrieved by using recon-

structed modal amplitude field and GBT constitutive laws. Methodology verification and examples

are also provided.

2. Review: GBT elastic buckling analysis for thin-walled members

Consider a thin-walled prismatic member as shown in Figure 1 with the local coordinates system

(x, s, z) and corresponding displacement components (u, v, w). In the context of generalized beam
theory, the displacement field for the cross-section at length x is a linear combination of GBTmode
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shapes

u(s, x) = uk(s)φk,x(x) v(s, x) = vk(s)φk(x) w(s, x) = wk(s)φk(x), (1)

where standard summation notation applies; (·), x = ∂(·)/∂x; uk(s), vk(s), wk(s) are the functions
specifying conventional GBT cross-sectional mode shapes; φk(x) is the modal amplitude vector of

conventional GBT modes at length x along the member; ; and uk(s)φk,x(x) in the first term stands

for warping that arises from conventional GBTmodes related to the first order derivatives of modal

amplitudes. For conventional modes, Vlasov’s null membrane strain assumption (εMss = 0, γMxs =
0) is satisfied such that vk(s) is a constant in each fold line, and the warping function uk(s) varies
linearly in each fold line.

s,v

s,v

s,v

z,w

z,w

z,w

x,u

x,u

x,u

Y,V
Z,W

X,U

Figure 1: Coordinate system and translations for a thin-walled member.

The displacement field in Eq. (1) can also bewritten in the global system (X,Y, Z) and (U, V,W ) as

U(s, x) = Uk(s)φk,x(x) V (s, x) = Vk(s)φk(x) W (s, x) = Wk(s)φk(x), (2)

where (U, V,W ) and Uk(s), Vk(s),Wk(s) are displacements and GBT modes shapes in the global

coordinate system. To determine the GBT mode shapes uk(s), vk(s), wk(s) or equivalently Uk(s),
Vk(s),Wk(s), the cross-section is discretized by ‘natural nodes’ and ‘intermediate nodes’, and GBT

‘cross-sectional analysis’ is carried out. The ‘cross-sectional analysis’ derivation is complex and

lengthy. One may refer to (Dinis and Camotim, 2011; Schardt, 1989; Gonçalves et al., 2010) for

determination of GBT modes. The most relevant conventional mode shapes for a Cee-section are

shown in Figure 2a-c.
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Figure 2: GBT mode shapes: (a) cross-section dimensions and discretization; (b) in-plane components of

GBT modes; (c) warping components of GBT modes.

The GBT formulation employs Kirchhoff-Love plate theory and strains, in which are related to

displacement components as

εxx = u,x = (uk − zwk)φk,xx,

εss = v,s = −zwk,ssφk,

γxs = u,s + v,x = (uk,s + vk)φk,x − 2zwk,sφk,x + uj,sϕj,

εNL
xx = (v2,x + w2

,x)/2 = (viφi,xvkφk,x + wiφi,xwkφk,x)/2,

(3)

in which εNL
xx stands for the nonlinear normal stain component essential for forming the geometric

stiffness matrix. Stress components are related to strains by the constitutive law
σM
xx

σF
xx

σF
ss

τxs

 =


E 0 0 0
0 E

1−ν2
νE

1−ν2
0

0 νE
1−ν2

E
1−ν2

0

0 0 0 G



εMxx
εFxx
εFss
τxs

 , (4)

whereE, ν,G are elastic modulus, Poisson’s ratio, and shear modulus, respectively; and σij , εij are
stress and strain components, (·)M denotes membrane terms and (·)F denotes frexural term. The

GBT differential equation system of equilibrium can be derived by using the Principle of Virtual

Work and it reads

Cik
∂4φk

∂x4
− (DI

ik −DII
ik −DII

ki )
∂2φk

∂x2
+Bik −W 0

pXpik
∂2φk

∂x2
= qII

i
− qI

i,x
, (5)

where subscripts i, k correspond to conventional GBT modes. Tensors denoted by C,D andX are

calculated using GBT mode shapes, cross-sectional dimensions and material properties:

Cik =

ˆ
b

Euiukds+

ˆ
b

Et3

12(1− ν2)
wiwkds, DI

ik =

ˆ
b

Gt3

3
wi,swk,sds,

DII
ik =

ˆ
b

νEt3

12(1− ν2)
wiwk,ssds, Bik =

ˆ
b

t3

12(1− ν2)
wi,sswk,ssds.
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Xpik is a third order tensor defined by:

Xpik =

ˆ
b

E
up
Cpp

(vivk + wiwk)ds. (6)

where up is the p
th GBT mode shape (warping) corresponding to axial compression (p = 1), major

axis bending (p = 2), minor axis bending (p = 3), and torsional warping (p = 4); and Cpp/E is the

cross-sectional property of area (p = 1), major axis moment of inertia (p = 2), minor axis moment

of inertia (p = 3), warping moment of inertia (p = 4). qIi , q
II
i are force vectors correspond to GBT

modes who stems from traction qx, qs, and qz along the local coordinate axes x, s, z (Figure 1)

applied at the center line of the thin plate, they are:

qIi =

ˆ

b

qxuids qIIi =

ˆ

b

(qsvi + qzwi)ds. (7)

Eq. (5) is an ordinary differential equations with unknowns being φk. With boundary conditions

defined, this system can be piece-wise approximately solved by the finite element method. The

functions φk(x) (conventional modes except axial extension) are approximated by Hermite poly-

nomials

φk = ψ1dk.1 + ψ2dk.2 + ψ3dk.3 + ψ4dk.4. (8)

The function φ1,x(x) (axial extension mode) is approximated by Lagrange polynomials

φ1,x = ζ1d1.1 + ζ2d1.2 + ζ3d1.3 + ζ4d1.4. (9)

In Eq. (8) and Eq. (9) ψ1−4 and ζ1−4 are shape functions of Hermite and Lagrange polynomials as

shown in Eq. (10) and Figure 3; and dk.r stands for the r
th FE degree of freedom in the approxi-

mation of kth modal amplitude also shown in Figure 3.

Ψ =
{

1
2
(1− ξ)(3ξ − 1)(3ξ − 2) 9

2
ξ(ξ − 1)(3ξ − 1) 9

2
ξ(1− ξ)(3ξ − 2) 1

2
ξ(3ξ − 1)(3ξ − 2)

}
,

Z =
{
Le(ξ

3 − 2ξ2 + ξ) 2ξ3 − 3ξ2 + 1 Le(ξ
3 − ξ2) −2ξ3 + 3ξ2

}
,

(10)
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Figure 3: Shape functions and FE degrees of freedom of (a) Hermite polynomials; (b) Lagrange polynomials.

In the linear stability analysis, the FE eigen-buckling problem is defined as([
k11 0

0 kik

]
+ λ

[
0 0

0 gik

]){
d1

dk

}
=

{
0

0

}
, (11)

where k is the symmetric linear stiffness matrix contains 2 sub-matrices k11, kik reading

k11 = C11

ˆ
Le

Z
′TZ

′
dx,

kik = Cik

ˆ
Le

Ψ
′′TΨ

′′
dx+DI

ik

ˆ
Le

Ψ
′TΨ

′
dx+DII

ik

ˆ
Le

Ψ
′′TΨdx+DII

ki

ˆ
Le

ΨTΨ
′′
dx+Bik

ˆ
Le

ΨTΨdx,

(12)

In Eq. (12), 1 stands for the uniform compression mode, i, k for the other conventional modes. The

sub-matrices in geometric stiffness g have values

gik = WpXpik

´
Le

Ψ
′TΨ

′
dx, (13)

3. Buckling Mode Decomposition of Displacement, Strain Energy and Bending Stress Com-

ponents

3.1. Reconstruction of GBT modal amplitude field

In (Cai andMoen, 2015), an algorithm for retrieving themodal amplitudes at discrete cross-sections

from finite element displacement field or experimental point cloud was introduced. The modal am-

plitudes at a given cross-section can be found by solving the least squares problem in Eq. (14):

n∑
k=2

[
Vk
Wk

]
2n×(n+1)

{φk(x)}(n+1)×1

least
square
=

{
V
W

}
2n×1

, (14)

in which (i) Vk, Wk are displacement components at discretization nodes of GBT mode k in the
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global coordinate system; (ii) φk(x) is the modal amplitude vector of mode k at location x along

the member, (iii) V ,W are out-of-plane displacements in the global coordinate system (Figure 1)

obtained by FEA or by test measurements, (iv) the subscript denotes the dimensions of the matrix

with n being the number of discretization nodes.

By retrieving the modal amplitudes at discrete cross-section, the out-of-plane displacement - (v, w)
or (V,W ) in Figure 1 - can be decomposed into modal contributions by knowing Eq. (1) and Eq.

(2). The objectives of this paper include the decomposition of displacement, strain energy and

bending stress regarding the contribution from GBT modes. From Eq. (2), Eq. (4) and Eq. (12),

that requires the full information of modal amplitude variation. To reconstruct modal amplitude

field, it is assumed φk(x) can be piece-wisely approximated by polynomials like shown in Eq.

(8). The member is divided into several sub-domains each containing 4 discrete cross-sections, as

shown in Figure 4. Because Hermitian polynomial is used to approximate φk(x), Eq. (8) applies
and

φk(0) = ψ1(0)dk.1 + ψ2(0)dk.2 + ψ3(0)dk.3 + ψ4(0)dk.4,

φk(1/3L
e) = ψ1(1/3L

e)dk.1 + ψ2(1/3L
e)dk.2 + ψ3(1/3L

e)dk.3 + ψ4(1/3L
e)dk.4,

φk(2/3L
e) = ψ1(2/3L

e)dk.1 + ψ2(2/3L
e)dk.2 + ψ3(2/3L

e)dk.3 + ψ4(2/3L
e)dk.4,

φk(L
e) = ψ1(L

e)dk.1 + ψ2(L
e)dk.2 + ψ3(L

e)dk.3 + ψ4(L
e)dk.4,

(15)

where Le denotes the domain under consideration; φk(αL
e) is modal amplitude calculated by Eq.

(14) at αLe; ψi(αL
e) corresponds to the value of ith Hermitian shape function (Eq. (8), Figure 3)

at the location αLe; dk,i denotes the i
th FE degree-of-freedom of the kth GBT mode (Eq. (8), Fig-

ure 3). dk can be solved for by using Eq. (16) and the continuous distribution of φk is approximated.

The concept is depicted in Figure 4.
dk.1
dk.2
dk.3
dk.4

 =


ψ1(0) ψ2(0) ψ3(0) ψ4(0)

ψ1(1/3L
e) ψ2(1/3L

e) ψ3(1/3L
e) ψ4(1/3L

e)
ψ1(2/3L

e) ψ2(2/3L
e) ψ3(2/3L

e) ψ4(2/3L
e)

ψ1(L
e) ψ2(L

e) ψ3(L
e) ψ4(L

e)


−1

φk(0)
φk(1/3L

e)
φk(2/3L

e)
φk(L

e)

 .

(16)
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Figure 4: Concept of using polynomials to piece-wisely approximate the modal amplitude φk.

3.2. Decomposition of strain energy and bending stresses

The energy stored in the interaction of GBT mode i and k is

Eik =
1

2
dikikdk, (17)

where kik stands for the linear, interactive stiffness matrix of mode i and k as shown in Eq. (12);

di, dk are the finite element degree of freedom vectors for the domain where piece-wise approxima-

tion is applied. ObviouslyEii stands for the energy stored inmode i. And the strain energy in total is

Etotal =
∑
i

∑
k

Eik. (18)

Strain energy can be used as an ambiguous modal participation indicator because the strain energy

distribution is independent with the GBT mode normalization. The transverse and longitudinal

bending stress, according to Eq. (1), Eq. (3), Eq. (4), are

σF
ss(x, s, t) =

E

1− ν2
wk,ss(s, t)φk(x) +

νE

1− ν2
wk(s, t)φk,xx(x), (19)

σF
xx(x, s, t) =

νE

1− ν2
wk,ss(s, t)φk(x) +

E

1− ν2
wk(s, t)φk,xx(x), (20)

where summation convention applies; σF
ss, σ

F
xx denotes transverse and longitudinal bending stresses

respectively; wk is plate transverse defection component of the kth GBT mode shape as in Eq. (1),

and φk is the k
th GBT mode amplitude that can be obtained by using dk and Eq. (8).

3.3. Evaluation of reconstructed displacement field error

The error of the reconstructed displacement field can be evaluated by

error =

√∑
[(VSFEA − Vreconstructed)2 + (WSFEA −Wreconstructed)2]∑

(VSFEA
2 +W 2

SFEA)
, (21)
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where
∑

means it applies to all the discretization nodes; VSFEA,WSFEA are out-of-plane dis-

placement components read from shell finite element solution; Vreconstructioned,Wreconstructed are

reconstructed displacement components calculated by using φk−reconstructed and Eq. (2).

3.4. Cross-sectional modal participation calculation

Cross-sectional modal displacement participation is calculated as

Pk =

´
L
|gkφk(x)|dx

n∑
k=1

´
L
|gkφk(x)|dx

, (22)

where gk = rg for torsional cross-section modes (e.g., mode 4 in Figure 2) and gk = 1 for all other
modes. This approach converts member twist in radians to a cross-section displacement so that

it can be compared to the other displacement-based mode shapes. The conversion from radians

to displacement is performed by multiplying φ4 by the radius of gyration, rg, calculated about the
cross-section center of twist, i.e., the shear center,

rg =
√
r21 + r22, r1 =

√
I1/A, r2 =

√
I2/A, (23)

where I1 and I2 are moment of inertia about the principal axes with origin at the cross-section center

of twist and A is the cross-sectional area. This approach is different than other modal participation

factor approaches that combine displacement and twist together (Silvestre and Camotim, 2002).

4. Illustrative examples

4.1. Example I

The derivation above is applicable on eigen-buckling solutions. In order to show the results, the

eigen-buckling solutions are normalized in the following examples such that maximum displace-

ment is unity, i.e.,

max

(√
U2
FE + V 2

FE +W 2
FE

)
= 1. (24)

The first example is a 870mm long member with the cross-section shown in Figure 2. The member

is warping-fixed at the left end and pinned-warping fixed at the right, and loaded with a compres-

sive traction q at the pinned-warping free end. For shell finite-element modeling in ABAQUS, the

discretization is identical with GBT in the cross-sectional directions, as shown in Figure 2. In lon-

gitudinal direction, the discretization is made every 10mm. The lowest buckling load is 146.4kN
and the out-of-plane displacements (V,W in Figure 1) of all the discretization nodes are read from

ABAQUS for modal decomposition analysis.
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pinned-warping free:
V=W=0

Y,V

870 mm

q

Figure 5: Example I: dimensions and loading/boundary conditions.

Reconstructed modal amplitudes and participations along the member are retrieved by using Eq.

(14) and Eq. (16) and shown in Figure 6. The error of the reconstructed out-of-plane displace-

ment field is 0.08% according to Eq. (21). Local mode 7 is dominant as shown in Figure 6 and

the variation of its amplitude in Figure 6a is consistent with the buckling shape in Figure 8. For

member-wise out-of-plane displacement participation, they read P7 = 70.9% and P5 = 24.9% by

using Eq. (22). Distortional buckling occurs (mode 5) and mixes with local buckling. The strain

energy decomposition is conducted per Eq. (17) as shown in Figure 7, where the grid (i, j) indi-
cates the strain energy stored in the interaction of mode i and j. The total strain energy is computed

to be 1518.8N · mm according to Eq. (18), comparing to ABAQUS yielding of 1468.4N · mm
(3.4% difference). It is confirmed that energy-wise mode 7 dominates as it contributes to 94.2% of

the strain energy.

0 150 300 450 600 750 900
−1

−0.5

0

0.5

1

Length (mm)
0 150 300 450 600 750 900

0

0.5

1

Length (mm)a
M

od
al

 P
ar

tic
ip

at
io

n

(a) (b)iφ

7

mode 7

5

mode 5

Figure 6: Example I: GBT buckling mode amplitudes and modal participation: local buckling along the

member.
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Figure 7: Example I: strain energy decomposition.

The bending stresses in the transverse and longitudinal directions are reconstructed by using Eq.

(19) and Eq. (20) respectively. The results are compared with SFEA results in Figure 8 and Fig-

ure 9. In the comparison, SFEA transverse bending stress is read from ABAQUS from the cross-

section top fiber positions, because the transverse membrane stress is negligible as assumed by

GBT (Schardt, 1989). For SFEA result in the longitudinal direction, the bending stress is obtained

by taking out the membrane stress from the stress at cross-section top fiber, i.e.,

σF
xx−FE(x, s) = σxx−FE(x, s, 1/2t)− σxx−FE(x, s, 0). (25)

From Figure 8 and Figure 9, it can be seen the magnitude and distribution of reconstructed stress

field are consistent with SFEA result. Because the reconstruction process uses the out-of-plane

displacement field (V,W in Figure 1), it is hoped the method be used in conjunction with 3D dis-

placement field measurement to analyze experimental point cloud in the future. Because small

displacement is considered herein, the bending stress and displacement field can decomposed into

modal contributions and the transverse bending as shown in Figure 10. For this example the trans-

verse bending stress is dominated by mode 7 (local).
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Figure 8: Example I: Transverse bending stress comparison for prismatic member: (a) GBT reconstruction;

(b) SFEA.
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Figure 9: Example I: Longitudinal bending stress comparison for prismaticmember: (a) GBT reconstruction;

(b) SFEA.
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Figure 10: Example I: Transverse bending stress decomposition: (a) GBT reconstruction; (b) contribution

from mode 7 and (c) contribution from other modes.

4.2. Example II

The second example involves a 1260mm longmember pinned-warping free at both ends and loaded

at both ends by uniform compression, and warping is prevented from mid-length cross-section in

Figure 11. The cross-section and material properties are identical to the previous example.

pinned-warping free:
V=W=0 U=0

pinned-warping free:
V=W=0

1260 mm
I

Z,W

X,U
Y,V q

q

Figure 11: Example II: dimensions and loading/boundary conditions.

The first mode buckling load calculated by GBT is 146.6 kN . Modal amplitude and participation

along the member are presented in Figure 12. It is shown the dominant GBTmode is local buckling

(mode 7) mixing with symmetric distortional buckling mode 5, and the variation of φ7, φ5 agree

with the mode shape in Figure 12, Displacement field error by Eq. (21) is calculated to be 0.07%.

Using Eq. (22), the member-wise displacement participation read P7 = 64.2% and P5 = 31.8%
for mode 7 and 5 respectively. From strain energy perspective, the total strain energy is computed

to be 3149.2N ·mm, comparing to ABAQUS reading of 3032.2N ·mm (3.9% difference). Mode
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7 is responsible for 93.9% of the total energy (Figure 13). Transverse and longditudinal bending

stress are also retrieved by using Eq. (19), Eq. (20) respectively and shown in Figure 14, Figure 15.

The reconstructed bending stress field are consistent with that read from SFEA.
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Figure 12: Example II: GBT buckling mode amplitudes and modal participation: local buckling along the

member.
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Figure 13: Example II: strain energy decomposition
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Figure 14: Example II: Transverse bending stress comparison: (a) GBT reconstruction; (b) SFEA.
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Figure 15: Example II: Longditudinal bending stress comparison: (a) GBT reconstruction; (b) SFEA.

5. Conclusions and future work

Buckling mode decomposition of normalized displacements, bending stresses, and strain energy

from any thin-walled structure 3D deformation surface (point clouds, finite element results) is per-

formed with GBT. Normalized displacement field, bending stress components and strain energy

can all be reconstructed with quantitative participation known that can be useful for future design

approaches. The method first extracts GBT modal amplitudes at discrete cross-sections and then

reconstructs the continuous modal amplitude field piece-wisely using polynomials. The normal-

ized displacement field, bending stresses and strain energy are all retrieved and decomposed using

GBTmodal amplitude field and associated GBT constitutive laws. Two examples are provided and

the results are validated against SFEA results. The errors are minimum reading 0.08% and 3.4%

(displacement and energy) for Example I and, 0.07% and 3.9% (displacement and energy) for Ex-

ample II. The authors are now working on method to exploit the modal decomposition in design.
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