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Abstract

A promising type of hysteretic damper used for seismic energy dissipation consists of a set of
butterfly-shaped links subjected to shear deformations. Prior research has been conducted on
shear panels with straight links, also referred to as steel slit panels or slit steel plate shear walls.
Butterfly-shaped links have been proposed more recently to better align bending capacity with
the shape of the moment diagram. The links have linearly varying width between larger ends and
a smaller middle section. These links have been shown in previous tests to be capable of
substantial ductility and energy dissipation, but can also be prone to lateral torsional buckling. In
this article, the lateral torsional buckling of a butterfly-shaped link subjected to shear loading is
conceptualized, and differential equations governing the links’ buckling behavior are formulated.
The differential equations are numerically solved for a useful range of link geometries. The
resulting critical moment, and related critical shear, are provided in a useful format for use in
butterfly link design. Strategies for controlling lateral torsional buckling in butterfly links are
recommended and are validated through comparison with finite element models

1. Introduction

Earthquake resistant structural design relies on the ductile behavior of the structural members to
create inelastic drift capacity and energy dissipation. If these ductile members are also
replaceable, they are sometimes referred to as structural fuses because they yield and thus limit
the earthquake forces applied to the surrounding structure (Vargas and Bruneau 2006). The
fuses are used to protect the surrounding structure from damage and then be accessible and easily
replaceable after a major event (Martinez-Rueda 2002). There are many forms of structural
elements with adequate ductility and energy dissipating capability which could be implemented
as structural fuses.

Several studies have indicated that steel plates having slit or butterfly-shaped cut-outs have
advantages for use in structural fuses. Butterfly-shaped links (Fig. 1) better align moment
capacity with the shape of the moment diagram leading to efficient implementation of the steel
with distributed yielding. The planar geometry of the butterfly-shaped links make them
applicable for space-constrained applications as well (Ma et al. 2011).
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Shapes similar to the butterfly have been used in the past, but with out-of-plane orientation.
These out-of-plane links were previously used in tapered yielding plates to dissipate energy and
impose higher ductility of structures in moment resisting frames. (Whittaker et al. 1991, Tsai et
al. 1993, Asselin et al. 2012, Chan and Albermani 2008). These links have been used in a variety
of passive control energy-dissipating systems (Tsai et al. 1993, Martinez-Rueda 2002), as well as
link beams to have a better distribution of yielding in the system (Aschheim and Halterman
2002).

Previous testing has shown that butterfly-shaped links can experience lateral torsional buckling
(LTB) which can lead to loss of strength and stiffness (Ma et al. 2011). Steel butterfly links as
shown in Fig. 1 are analytically and numerically investigated in this study. Differential equations
are developed first, and mathematical solutions for such equations are found. The differential
equation associated with the reversed moments applied to the ends of the butterfly section
assume that the moment along the link length varies linearly. In addition, the effect of torsional
moment on buckling is considered in developing the governing equations. Finite element (FE)
models are then used to verify the results and examine both the elastic buckling and inelastic
limit states.
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a) Butterfly fuse plate (Ma et al. 2011) b) Butterfly link geometry c) Loading and coordinate axes
Figure 1: The butterfly fuse, link geometry and loading

2. The governing differential equation for butterfly-shaped links

In this section, a differential equation is formulated with twist about the longitudinal axis as the
variable. It is noted that the cross section is rectangular and relatively thin compared to its width.
Fig. 2(a) indicates the local axes from top view, and Fig. 2(b) represents the section view, as well
as showing the situation of local axes with applied moment on the section.

According to Fig. 2, the following differential equations could be derived based on assumptions
associated with the governing differential equations of equilibrium (Timoshenko 1938). It is
assumed that the link is free to warp which is a common assumption in lateral torsional buckling
analysis of a beam (Timoshenko 1938). It is noted that only uniform torsion (or St. Venant's) is



applied to the section and the ends are free to warping. Eq. 1, Eq. 2 are developed to evaluate the
moments about the local axes considering the related deformation variable.

Since the objective is to derive the critical buckling moment in terms of M as shown in Fig. 1,
the local moments are put in terms of M. From the figure at the top of Fig. 2a, and considering
small rotation values, the projection of M on local axis, ¢, would result in Eqg. 3. To derive Eq. 3,
the moment is projected on the local axis considering the angles between them (top of Fig. 2a). It
is noted that u' is assumed small; therefore, the sine of a term having u' would be
approximately equal to u" itself.
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Figure 2: Defining local axes and displacement variables

The variables u and v are the horizontal and vertical displacements as indicated in Fig. 2(b), £
is the rotation about the longitudinal axis (twist), and £ is derivative of rotation with respect to

z. GJ is the torsional rigidity of the strip along the butterfly link. In addition, Ely is the flexural
rigidity about the weak axis. The width of the butterfly link, w, could be formulized as Eqg. 4
which is valid for 0<z<L/2.

w(z)=a+2(b-a)z/L 4)



The angle of twist is small; therefore, sin # and cos S are approximately equal to £ and 1,

respectively. According to Roark’s book (Young and Budynas 2002), the equation of torsional
constant, J, of a rectangular section is indicated in Eqg. 5.
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According to Fig. 3(a), the moment distribution is formulated as given in Eg. 6, where Mz is the
end flexural moment at the end of the butterfly link. The derivative of the moment along the
butterfly link length, A7”, is obtained to be used as an input for the differential equations.

M=M,-P(z+1/2)
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a) The butterfly link from the side view b) The section view after buckling

Figure 3: The butterfly link after buckling

The torsional moments can then be summed for an arbitrary section along the length to obtain the
following differential equation:

GJA =—Mu' —Pu+M,, 7

The term on the left side of the equation is the internal torsional moment at the section. The first
term on the right side is the torsional moment, M, due to the primary moment, M, given in Eq.
3. The second term on the right side of the equation is the torsional moment due to the load P
acting at a deflection, u, as shown in Fig. 3b. The last term, Mend, is the fixed torsional moment
at the end.

Taking the derivative of Eqg. 7 leads to Eq. 8. It is noted that J is a function of z, so the left side
is not simplified beyond what is shown in Eq. 8. Substituting the term M'=—P (from Eq. 6)
causes the first and last terms on the right side to cancel out, and substituting Eq. 1 leads to Eq.
9:

(GIB)' =—MU'— Mu" - P’ (8)
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From the moment loading distribution (Eq 6) along the length of the beam, the moment for the
right half of the link can be rewritten as:

P:ZMl
L
(10)
M=- 2M, z
L
Therefore, Eqg. 10 could be rewritten as follows, which is the governing differential equation
regarding butterfly-shaped link lateral torsional buckling.
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3.1 Solution assessment using parameter non — dimensionaliziation for governing differential
equations

In order to get all the differential equations in appropriate format to be solved in Mathematica, it
is useful to reformulate the parameters to be non-dimensional first. A way to do so is to divide all
the dimensions by the length of the link. In what follows, each equation is non-dimensionalized
with regard to each parameter as indicated in Eqs 12-15. The nondimensionalized versions of
Egs. 4 and 5 are given by Egs. 13 and 14. Poisson’s ratio is assumed equal to 0.3.
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Therefore, the non-dimensionalized version of the differential equation could be written as Eq.
16 which is valid for 0<z<1/2.
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3.2 Solving the Differential Equation Using Mathematica implementing the shooting method:
The non-dimensionalized differential equation from the previous section was input into the
software Mathematica. The resulting buckling modes represented by the twist angle, 3, can be
either symmetric or anti-symmetric. The symmetric mode with no nodes will give the lowest
buckling moment (i.e., the critical moment).

Since the problem is linear and homogeneous, one can choose an arbitrary value for $(0). The
shooting method is used to solve the differential equation, in which a guessed value would be
assigned to the moment, and the program varies it automatically until the boundary condition at z
equal to 0.5 is satisfied. If the plot of B(z) looks like a symmetric buckling mode with no nodes
(e.g. Fig. 4.), the result is taken as the critical moment. If not, the initial guess for moment is
revised until a symmetric buckling mode is obtained.
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Figure 4: The first mode for a symmetric mode with assumptions of 3'(0) = 0 and $(0.5) =0

Before presenting results for the critical buckling moment, inelastic limit states are discussed.
Two inelastic limit states, namely plastic shear yielding and plastic flexural hinging, limit the
strength of butterfly links. The domination of each mode depends on the geometry of the links.
Eq. 17 gives the end moment corresponding to shear yielding at the middle of the butterfly link
based on the Von Mises yielding criteria assuming that the middle section is plastified. The end
moment associated with plastic flexural strength is calculated based on procedures used by Ma et
al. (2011) assuming a ratio a/b=1/3 which results in plastic flexural hinging at the quarter points
of the links as indicated in Eq. 18. Eq. 19 and Eq. 20 indicate the non-dimensionalized version of
Eqg. 17 and Eq. 18, respectively.
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Fig. 5a shows the plastic capacity and lateral torsional buckling critical moment for a butterfly
link with a/b=1/3, /L=0.01, o, is yielding stress (300 MPa). Fig. 5b shows the results for a

thicker plate with t/L=0.03. It is shown that for all thin plate configurations (t/L=0.01) except
the least wide configuration (b/L=0.1), LTB is the governing limit state. For thicker plates
(t/L=0.03 as shown in Fig 5b), it is shown that plastic section capacity leads to the smallest
moment and thus controls the moment strength. In addition, Fig. 5b shows that the narrower
links (smaller b/L) experience flexural hinging and wider links experience shear yielding.
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Figure 5: The capacity and LTB curves

4. Comparison of the Elastic results in Finite Element Analysis software

In this section, the links are modeled in the FE software ABAQUS to verify the analytical
solutions generated from solving the governing LTB differential equation as well as plastic
strength equations. For each of the link geometries with a/b=1/3, t/L=0.01 or 0.03, link length
L=1m and specified b/L, a model was constructed (Fig. 6) and subjected to monotonically
increasing lateral displacement along the top edge using an explicit solver. The boundary
conditions are fully fixed constraints at the bottom edge, and the vertical as well as out of plane
displacement are fixed at the top edge of the links. The mesh sensitivity analysis is conducted
but not shown here. The approximate mesh size of 30mm is implemented as represented
graphically in the inset of Fig. 6.

A four-node reduced integration element (labeled as S4R in ABAQUS) is chosen as a suitable
element type to obtain buckling and the spread of inelasticity (e.g. Farzampour et al. 2015). The
initiation of buckling was obtained from the shear force vs. lateral displacement response as
shown in Fig. 6. Fluctuations in shear force occurred during the explicit analysis and were
correlated with a slight reduction in stiffness and substantial increase in out-of-plane
displacement, labeled as values for U in Fig. 6. These fluctuations in shear force were therefore
taken as indicating the initiation of the buckling. In Fig6 , 6™ indicates the maximum out of
plane displacement in the link.
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Figure 6: The meshed butterfly-shaped link elastic response for a/b=0.33, b/L=0.3, t/L=0.01, L=1m (U is out-of-

First, the FE models were run with elastic material constitutive model to examine elastic lateral
torsional buckling. The shear load at buckling was obtained as described above and the
associated moment was calculated as given in Table 1. Fig. 7 indicates the comparison between
computational simulation and analytical equations. The associated critical moment initiating the
lateral torsional buckling of the link is calculated. Table 1 indicates an average of 3.2%
difference between the estimation of LTB of butterfly links by solving the general differential

plane displacement indicating buckling phenomenon)

equations and the FE model results.

Table 1. Comparison of ABAQUS results with Mathematica

ABAQUS Mathematica
b/L a/b t/L P (N) Moment Moment x 107 Moment error%
(KN.m) (Non-dimen.*) (KN.m)
0.1 0.3 0.01 25.2 12.6 0.6 13.4 5.8
0.2 0.3 0.01 55.5 27.7 1.3 28.0 1.0
0.3 0.3 0.01 79.0 39.5 1.9 419 5.9
0.4 0.3 0.01 105.2 52.6 2.5 55.9 5.8
0.5 0.3 0.01 139.3 69.7 3.2 70.9 1.7
0.6 0.3 0.01 158.6 79.3 3.8 84.4 6.0
0.7 0.3 0.01 197.9 98.9 4.5 98.3 0.6
0.8 0.3 0.01 228.1 114.1 51 113.0 1.0
0.9 0.3 0.01 261.7 130.8 5.8 126.9 3.1
1.0 0.3 0.01 285.1 142.6 6.4 140.8 1.3

*Non-Dimensionlized Moment equal to Mc/EI®
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Figure 7: Comparison of buckling differential equations’ results with elastic buckling FE models for t/1=0.01

5. Comparison of the Inelastic results in Finite Element Analysis software

In this section, the links are modeled in the FE software ABAQUS with inelastic material
constitutive law to compare moments associated with inelastic limit states with proposed
equations for flexure and shear capacity. Fig. 8 indicates three lines representing the LTB
moment capacity from the differential equation and plastic moment capacity for shear and
flexure. The circles indicate the initiation of the buckling while the squares represent the ultimate
strength of the link. The models capture the domination of elastic lateral torsional buckling
capacity of thinner links. In addition, the FE models capture the plastic shear and plastic flexural
capacity for thicker butterfly links (Fig. 8b). Fig. 8b does not show circles associated with
buckling in the FE model because significant out-of-plane buckling was not observed. The
elastic lateral torsional moment buckling of the links are shown in an inset of Fig. 8b to show
how large the elastic lateral torsional buckling moment is related to the plastic moments for
thicker plates (Fig. 8b). In general, the FE results are within 3% of the predicted analytical
values.
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Figure 8: Comparison of FE results to analytical equations for elastic and inelastic limit states

Fig. 8a, shows that the initiation of buckling in the inelastic FE models compared well with the
moment predicted using the elastic differential equation. The ultimate moment strength of the
links obtained from FE analysis compared well with the plastic strength equations in both Fig. 8a
and Fig. 8b. In addition, the effect of thickness of the butterfly link on the lateral torsional
buckling is demonstrated. As the thickness increases (Fig. 8b), the butterfly-shaped link would
reach shear or flexure hinging capacity while elastic lateral torsional buckling governs for
thinner links (Fig. 8a).

6. Conclusions

Butterfly-shaped structural fuse plates are a type of hysteretic damper used for seismic energy
dissipation that consist of a set of butterfly-shaped links subjected to shear deformations.
According to previous tests, these links are capable of substantial ductility and energy
dissipation, but can also be prone to lateral torsional buckling. The governing differential
equation for lateral torsional buckling of butterfly links was obtained and numerical solutions
were presented. The results were compared with plastic moment capacity equations to examine
which limit states would control for a typical range of links. Finite element models were
constructed to verify the analytical results from the differential equation. The differential
equation produced buckling moments that were on average within 5% of the FE model moments
associated with buckling. Solution of the differential equation required significantly lower
computational cost than computational simulation using FE analysis. In addition, the inelastic
behavior of the links was investigated with FE models. Equations were provided to estimate the
capacity of a link considering plastic shear yielding or plastic flexural hinging. Subsequently, the
equations were verified against inelastic finite element models, and moments associated with
inelastic lateral torsional buckling were compared to elastic lateral torsional buckling moments
predicted by the differential equations.
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